
















mx my

5−6t ≤ 2mx+3my < 10−6t
[0, 6)× [0, 6) (mx, my)

D(7, 9, 6) S(6, 6) : −12 ≤ 7X + 9Y < 4
D(7, 9, 6) S(3, 4) : −11 ≤ 7X + 12Y < 8

D1 D2

E(z3) E(z
′
4) S

D1 D2

E(z4) E(z
′
5) S

D1 D2

D1(3, 4, 3) D2(3, 5, 2)

∆1(3, 4,−2) ∆2(3, 5,−3)

D(13, 17,−5)
(a, b, µ) S D

(12, 9)

(h, v) = (2, 2)

S(13, 18, 62)
A B (a′, b′, µ′) DSS S ′

A′ B′ S (h, v) =
(2, 2) D′(13, 18, 16) D′ D

DSS



U1U2(13, 18, 16) L1L3

(a′1, b
′
1) A′B′

k B′

L1L2(13, 18, 16) L1L3

(a′2, b
′
2) A′L2

k A′

L2L3(13, 18, 16) L1L3

(a′3, b
′
3)

L2B′

k B′

(h, v) ∈ {(2, 2), (4, 4)}

mx my

5−6t ≤ 2mx−3my < 10−6t
[0, 6)× [0, 6) (mx, my)

D(3, 5,−2) S(4, 4) : −2 ≤ 3X − 5Y < 6
D(3, 5,−2) S(3, 4) : −8 ≤ 9X − 20Y < 21



∆1(3, 4,−2) ∆2(3, 5,−3)

(h, v)
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a b
a
b [ ] [ ]

[ ]

a0 +
1

a1 +
1

a2 + ...

a0, a1, a3, ...

a0, a1, a3, ...

a1, a2, ... a0

a0 +
1

a1 +
1

... +
1

an−1 +
1

an

= [a0; a1, a2, ..., an]

a0, a1

[a0; a1, a2, ..., an]

P (a0; a1, a2, ..., an)

Q(a0; a1, a2, ..., an)



a0, a1, a2, ..., an
p

q

[a0] = a0

a0/1
n

[a0; a1, a2, ..., an] = [a0; r1] = a0 +
1

r1

r1 = [a1; a2, a3, ..., an]

r1 =
p′

q′

[a0; a1, a2, ..., an] = a0 +
q′

p′
=

a0p′ + q′

p′

[a0; a1, a2, ..., an]

[a0; a1, a2, ..., an] =
p

q

r1 = [a1; a2, ..., an] =
p′

q′

p = a0p
′ + q′, q = p′.

pk

qk



sk = [a0; a1, a2, ..., ak]

α α

pn

qn
= α

k ≥ 2

pk = akpk−1 + pk−2,

qk = akqk−1 + qk−2.

k = 2 3.3
k < n

[a0; a1, a2, ..., an]

p′r/q
′
r r 3.6

pn = a0p
′
n−1 + q′n−1,

qn = p′n−1.

p′n−1 = anp
′
n−2 + p′n−3,

q′n−1 = anq
′
n−2 + q′n−3.

an an−1 [a0; a1, a2, ..., an] a1

a0 3.6

pn = a0(anp
′
n−2 + p′n−3) + (anq

′
n−2 + qn−3),

= an(a0p
′
n−2 + q′n−2) + (a0p

′
n−3 + qn−3),

= anpn−1 + pn−2,

qn = anp
′
n−2 + p′n−3,

= anqn−1 + qn−2.

3.3
n an



p−1 = 1 q−1 = 0
3.3 k = 1

k ≥ 0

qkpk−1 − pkqk−1 = (−1)k.

k ≥ 1

qkpk−2 − pkqk−2 = (−1)k−1ak.

0
1

1
0

m+m′

n+n′
m
n

m′

n′

m
n

k
l

k
l

m
n

m
n

k
l

m+m′

n+n′
m
n

m′

n′

m
n

m n
< Q

1

1
L R

R L

• [0, u1, u2, ..., u2k, u2k+1, ..., u2i−1, u2i] = R0Lu1 ...Ru2kLu2k+1 ...Lu2i−1Ru2i−1

• [0, u1, u2, ..., u2k, u2k+1, ..., u2i, u2i+1] = R0Lu1 ...Ru2kLu2k+1 ...Ru2iLu2i+1−1



1

2
L

1

3

1

2
R0L1R1



D (a, b, µ)
a

b
a ≤ b b &= 0

pgcd(a, b) = 1 (x, y)

µ ≤ ax + by < µ + w

• w < max(|a|, |b|) D

• w = max(|a|, |b|) D

• max(|a|, |b|) < w < |a| + |b| D

• w = |a| + |b| D

• w > |a| + |b| D

w = a + b
D(a, b, µ, w)

cii=1,...,n(ci ∈ 0, 1, 2, 3)
pii=0,...,n



1

2

3

0



( [ ]) (x, y) µ ≤
ax − by < µ + |a| + |b| a b µ

a/b µ

ax− by
µ µ + |a| + |b| + 1

( [ ]) [CiCj] C
D(a, b, µ)

[CiCj]

j i ≤ j S(i, j) ¬S(i, j + 1) i
i F i

S(i, j) ¬S(i− 1, j) j



B

[CiCj]
(1)S(i, j) ¬S(i, j+1) ¬S(i−1, j) (2)B(j) = i

F (i) = j (3)∃k, i = B(k) j = F (B(k)) (4)∃k′, i = B(F (k′)) j = F (k′)

CB(j),j Ci,F (i) Ci,j

Ci−1,j+1

Ci,j





D(a, b, µ) 0 < a < b gcd(a, b)
S(h, v) Xh Y v Z2 X Y h v

[0, h) × [0, v) S(h, v)
X(h, 0) Y (0, v) Z2

S(h, v)
S(h, v) S(h, v)

D(a, b, µ) ∆
D(a, b, µ) S(h, v)

O Z2 S(h, v) O
(h, v)

S(h, v) Z2

(X, Y ) Z2
[

x
h

]
x h

{
x
h

}

X =
[x

h

]

Y =
[y

v

]



x = hX +
{x

h

}

y = vY +
{y

v

}

D(a, b, µ)

µ ≤ ax + by < µ + a + b

∆

µ ≤ a(hX +
{x

h

}
) + b(vY +

{y

v

}
) < µ + a + b

µ− a
{x

h

}
− b

{y

v

}
≤ ahX + bvY < µ + a + b− a

{x

h

}
− b

{y

v

}

3.4

mx =
{x

h

}

my =
{y

v

}

mx my Z 3.4

µ−maxx∈Z(amx + bmy) ≤ ahX + bvY < µ + a + b−minx∈Z(amx + bmy)

amx + bmy minx∈Z(amx + bmy)
maxx∈Z(amx + bmy)

amx + bmy :

3.5

0 ≤ mx ≤ h− 1

0 ≤ my ≤ v − 1

3.6 ∆

0 ≤ amx + bmy ≤ a(h− 1) + b(v − 1)

µ− a(h− 1)− b(v − 1) ≤ ahX + bvY < µ + a + b



ahX + bvY g = gcd(ah, bv)

3.6
ah + bv

g
p

mx my 3.5 amx + bmy

x Z
amx + bmy 0 a(h− 1) + b(v − 1)

3.5

x = kh + mx , k ∈ Z
y = lv + my , l ∈ Z

3.3

µ ≤ ax + by ⇒ µ ≤ a(kh + mx) + b(lv + my)

⇒ µ− akh− blv ≤ amx + bmy

ax + by < µ + a + b ⇒ a(kh + mx) + b(lv + my) ≤ µ + a + b

⇒ amx + bmy < µ + a + b− akh− blv

µ− akh− blv ≤ amx + bmy < µ + a + b− akh− blv

kah + lbv g = gcd(ah, bv)

ah = p1g, p1 ∈ Z and bv = p2g, p2 ∈ Z ⇒ kah = kp1g and lbv = lp2g

⇒ kah + lbv = kp1 + lp2g = (kp1 + lp2)g = tg,

kah + lbv = tg , t ∈ Z

3.10

µ− tg ≤ amx + bmy < µ + a + b− tg, t ∈ Z

3.12 (a, b)
t ∈ Z Dt Dt (mx, my)
[0, h) × [0, v) (mx, my)

amx + bmy

(nx, ny) Dt ∩ [0, h) × [0, v)
amx + bmy



  1    2     3    4    5

       0

1

2

3

4

5

0

mx my

5 − 6t ≤ 2mx + 3my < 10 − 6t
[0, 6)× [0, 6) (mx, my)

anx + bny = max(mx,my)∈Dt∩[0,h)×[0,v)(amx + bmy)
d amx + bmy (h− 1, v− 1)

(nx, ny)

µ− tg ≤ amx + bmy ≤ µ + a + b− tg − 1

amx + bmy µ− tg µ + a + b− tg − 1

d = a(h− 1) + b(v − 1)− (anx + bny)

t 3.14 (nx, ny)
d 3.14

d = a(h− 1) + b(v − 1)− (µ + a + b− tg − 1)

= ah− a + bv − b− µ− a− b + tg + 1

= pg + tg − 2a− 2b + 1− µ

= (p + t)g − (µ + 2a + 2b− 1).

d = 0 (nx, ny) = (h− 1, v − 1)



(p + t)g − (µ + 2a + 2b− 1) = 0

p + t−
(

µ + 2a + 2b− 1

g

)
= 0

t = −p +

(
µ + 2a + 2b− 1

g
)

)

t = −p +
1

g

([
µ + 2a + 2b− 1

g

]
g +

{
µ + 2a + 2b− 1

g

})

t = −p +

[
µ + 2a + 2b− 1

g

]
+

{
µ + 2a + 2b− 1

g

}

g

t = −p + Q2 +
R2

g
,

Q2 =
[

µ+2a+2b−1
g

]
R2 =

{
µ+2a+2b−1

g

}

R2

g µ + 2a + 2b− 1 3.15

t = −p + Q2

3.6

ahX + bvY ≥ µ−maxx∈Z(amx + bmy)

≥ µ− (µ + a + b− tg − 1)

≥ µ− µ− a− b + tg + 1

≥ tg − a− b + 1

≥ (−p + Q2)g − a− b + 1

ahX

g
+

bvY

g
≥ −p + Q2 −

a + b− 1

g

a b g

[
a + b− 1

g

]

a + b − 1 g

{
a + b− 1

g

}

a + b− 1 = g

[
a + b− 1

g

]
+

{
a + b− 1

g

}



α =
ah

g
β =

bv

g
3.16

αX + βY ≥ −p + Q2 −Q1 −
R1

g

Q1 =
[

a+b−1
g

]
R1 =

{
a+b−1

g

}

a+b−1 g g 3.17

αX + βY ≥ −p + Q2 −Q1

g µ + 2a + 2b− 1 3.15

t = −p + Q2 +
R2

g

3.6

ahX + bvY ≥ tg − a− b + 1

≥
(
−p + Q2 +

R2

g

)
g − a− b + 1

αX + βY ≥ −p + Q2 +
R2

g
− a + b− 1

g

≥ −p + Q2 −Q1 +
R2

g
− R1

g

R2 R1

R1 R2

• R2 ≤ R1

αX + βY ≥ −p + Q2 −Q1

• R2 > R1

αX + βY ≥ −p + Q2 −Q1 + 1

amx + bmy

Dt ∩ [0, h)× [0, v) (n′x, n
′
y)

an
′
x + bn

′
y min(mx,my)∈Dt∩[0,h)×[0,v)(amx + bmy)



d′ amx + bmy (0, 0)
(n

′
x, n

′
y)

d′ = 0− (an
′

x + bn
′

y)

t 3.21 (n′x, n
′
y)

d′ 3.21

d′ = 0− (µ− tg)

= −µ + tg = µ + 2a + 2b− 1− 2µ− 2a− 2b + 1 + tg

= (µ + 2a + 2b− 1) + tg − (2µ + 2a + 2b− 1)

d′ = 0 (n′x, n
′
y) = (0, 0)

t = −
(

µ + 2a + 2b− 1

g

)
+

(
2µ + 2a + 2b− 1

g

)

= −Q2 −
R2

g
+

(
2µ + 2a + 2b− 1

g

)

R2

g µ + 2a + 2b− 1 3.22

t = −Q2 +

(
2µ + 2a + 2b− 1

g

)

3.6

ahX + bvY < µ + a + b− (µ− tg)

< tg + a + b

<

(
−Q2 +

(
2µ + 2a + 2b− 1

g

))
g + a + b

< −Q2g + 2µ + 3a + 3b− 1

g

αX + βY < −Q2 + Q3 +
R3

g

Q3 =
[

2µ+3a+3b−1
g

]
R3 =

{
2µ+3a+3b−1

g

}

R3



g 2µ + 3a + 3b− 1 3.23

αX + βY < −Q2 + Q3

g 2µ + 3a + 3b− 1 3.23

αX + βY < −Q2 + Q3 + 1

g µ + 2a + 2b− 1 3.22

t = −
[
µ + 2a + 2b− 1

g

]
−

{
µ + 2a + 2b− 1

g

}

g
+

(
2µ + 2a + 2b− 1

g

)

3.14

ahX + bvY < µ + a + b− (µ− tg)

< tg + a + b

< −Q2g −R2 + 2µ + 3a + 3b− 1

µ a b g

[
2µ + 3a + 3b− 1

g

]

µ+3a+3b−1 g

{
2µ + 3a + 3b− 1

g

}

2µ + 3a + 3b− 1 = g

[
2µ + 3a + 3b− 1

g

]
+

{
2µ + 3a + 3b− 1

g

}

α =
ah

g
β =

bv

g
3.26

αX + βY < Q3 −Q2 +
R3

g
− R2

g

R3 R2

R2 R3

• R3 ≤ R2

αX + βY < −Q2 + Q3

• R3 > R2

αX + βY < −Q2 + Q3 + 1



αX + βY
3.18 3.19 3.20

3.24 3.25 3.27 3.28 αX + βY

(R2 = 0) (R3 &= 0)

−p + Q2 −Q1 ≤ αX + βY < Q3 −Q2 + 1

(R2 = 0) (R3 = 0)

−p + Q2 −Q1 ≤ αX + βY < Q3 −Q2

(R2 &= 0) (R1 = R2) (R2 = R3)

−p + Q2 −Q1 ≤ αX + βY < Q3 −Q2

(R2 &= 0) (R1 = R2) (R3 < R2)

−p + Q2 −Q1 ≤ αX + βY < Q3 −Q2

(R2 &= 0) (R1 = R2) (R3 > R2)

−p + Q2 −Q1 ≤ αX + βY < Q3 −Q2 + 1

(R2 &= 0) (R2 < R1) (R3 = R2)

−p + Q2 −Q1 ≤ αX + βY < Q3 −Q2

(R2 &= 0) (R2 < R1) (R3 < R2)

−p + Q2 −Q1 ≤ αX + βY < Q3 −Q2

(R2 &= 0) (R2 < R1) (R3 > R2)

−p + Q2 −Q1 ≤ αX + βY < Q3 −Q2 + 1

(R2 &= 0) (R2 > R1) (R3 = R2)

−p + Q2 −Q1 + 1 ≤ αX + βY < Q3 −Q2

(R2 &= 0) (R2 > R1) (R3 < R2)

−p + Q2 −Q1 + 1 ≤ αX + βY < Q3 −Q2



(R2 &= 0) (R2 > R1) (R3 > R2)

−p + Q2 −Q1 + 1 ≤ αX + βY < Q3 −Q2 + 1

R1 = R2{
a + b− 1

g

}
=

{
µ + 2a + 2b− 1

g

}

a + b− 1 ≡ µ + 2a + 2b− 1(mod g)

µ + a + b ≡ 0(mod g)

R3 < R2{
2µ + 3a + 3b− 1

g

}
−

{
µ + a + b− 1

g

}
< 0

{
µ + a + b

g
+

µ + a + b− 1

g

}
−

{
µ + a + b− 1

g

}
< 0

{
0 +

µ + a + b− 1

g

}
−

{
µ + a + b− 1

g

}
< 0

{
µ + a + b− 1

g

}
−

{
µ + a + b− 1

g

}
< 0

0 < 0

∆ S(h, v)
D(a, b, µ) Z2

− p + Q2 −Q1 + SI ≤ αX + βY < Q3 −Q2 + SS

α = ah
g β = bv

g g = gcd(ah, bv) p = α + β

SI =

{
0 if R2 ≤ R1

1
SS =

{
0 if R3 ≤ R2

1



Standard Digital Line

Covering Of Standard Digital Line

D(7, 9, 6) S(6, 6) : −12 ≤ 7X + 9Y < 4

D(7, 9, 6) 6 ≤ 7x + 9y < 22

(6, 6) (3, 4)
D(7, 9, 6)

a, b ∈ Z b > 0
q, r ∈ Z a = bq + r 0 ≤ r < b q

a b r

∆

(3.29)
α + β

R2−R1−R
g =

{
0 if R1 ≤ R2

−1
R3−R2−R

g =

{
0 if R2 ≤ R3

−1

R =

{
µ + a + b

g

}



Standard Digital Line

Covering Of Standard Digital Line

D(7, 9, 6) S(3, 4) : −11 ≤ 7X + 12Y < 8

0 ≤ R1 < g 0 ≤ R2 < g 0 ≤ R < g 0 ≤ R1
g < 1 0 ≤ R2

g < 1

0 ≤ R
g < 1 −2 < R2−R1−R

g < 1
R2−R1−R

g R1 R2

• R1 ≤ R2 R2 = (µ+2a+2b−1) mod g = (µ+a+b) mod g+(a+b−1) mod g =
R + R1 R2 −R1 −R = 0 R2−R1−R

g = 0

• R1 > R2 R2 = (µ + 2a + 2b − 1) mod g = (µ + a + b) mod g + (a + b −
1) mod g − g = R + R1 − g R2 −R1 −R = −g R2−R1−R

g = −1

Q2 −Q1 = Q +

{
0 if R1 ≤ R2

1
Q3 −Q2 = Q +

{
0 if R2 ≤ R3

1[
µ + a + b

g

]

µ+a+b = (µ+2a+2b−1)−(a+b−1)



µ + a + b = gQ + R a + b− 1 = gQ1 + R1 µ + 2a + 2b− 1 = gQ2 + R2

gQ + R = (gQ2 + R2)− (gQ1 + R1)

g(Q−Q2 + Q1) = R2 −R1 −R

R1 R2

R1 ≤ R2 1 R2−R1−R
g = 0 Q = Q2 −Q1

R1 > R2 1 R2−R1−R
g = −1 Q = Q2 −

Q1 − 1

5
(3.29) α + β

• R3 < R2 < R1 SI = 0 SS = 0 Q2 −Q1 = Q + 1 Q3 −Q2 = Q + 1

• R2 < R1 R2 < R3 SI = 0 SS = 1 Q2−Q1 = Q+1 Q3−Q2 = Q

• R1 < R2 < R3 SI = 1 SS = 1 Q2 −Q1 = Q Q3 −Q2 = Q

• R1 < R2 R3 < R2 SI = 1 SS = 0 Q2−Q1 = Q Q3−Q2 = Q+1

• R1 = R2 = R3 SI = 0 SS = 0 Q2 −Q1 = Q Q3 −Q2 = Q

(Q3 −Q2 + SS)− (−p + Q2 −Q1 + SI) = p !

∆ S(h, v)
D(a, b, µ) Z2

− p1 + Q′
2 −Q′

1 + SI ≤ αX − βY < p2 + Q′
3 −Q′

2 + SS

α = p1 = ah
g β = p2 = bv

g g = gcd(ah, bv)

Q′
k =

{[
(k−1)µ+ka+b−1

g

]
, k = 1, 2, 3

}
R′

k =
{{

(k−1)µ+ka+b−1
g

}
, k = 1, 2, 3

}

SI =

{
0 if R′

2 ≤ R′
1

1
SS =

{
0 if R′

3 ≤ R′
2

1



DSS
DSL

C
C







D1 D2

S



S

(a, b, µ) (a, b)

z =
a

b
= [u0, u1, u2, ..., ui, ..., un] = u0 +

1

u1 +
1

... +
1

un−1 +
1

un

n u0 u1

k k

zk =
pk

qk
= [u0, u1, u2, ..., uk]

∀k ≥ 1 pkqk−1 − pk−1qk = (−1)k+1

p0 = 0 p−1 = 1 ∀k ≥ 1 pk = ukpk−1 + pk−2

q0 = 1 q−1 = 0 ∀k ≥ 1 qk = ukqk−1 + qk−2

i ui

1 = [0, 1]
z

E



E(z0) = 0 E(z1) =
0u13

E(z2i+1) = E(z2i)
u2i+1E(z2i−1)

E(z2i) = E(z2i−2)E(z2i−1)
u2i

0

1

1

0
m + m′

n + n′
m

n

m′

n′

[0, u1, ..., un] n = 2i n = 2i+1 δ δ′

n n
[0, u1, ..., u2i, δ] [0, u1, ..., u2i+1 − 1, 1, δ]

[0, u1, ..., u2i − 1, 1, δ′] [0, u1, ..., u2i+1, δ′]

δ zn

S E(z2i+1)
z2i+1 = [0, u1, ..., u2i, δ] E(z′2i+2) z′2i+2 = [0, u1, ..., u2i − 1, 1, δ]



E(z2i)δ

. . . E(z2i+1) E(z2i+1)
E(z′2i+2) E(z′2i+2) . . .

S

S w1E(z2i)δw2 w1 = E(z1)u2 · · · E(z2i−2k−1)u2i−2k · · ·
E(z2i−3)u2i−2 E(z2i−1)u2i−1 w2 = E(z2i−2)u2i−1 · · · E(z2i−2k)u2i−2k+1 · · · E(z2)u3

E(z0)u1 E(z2i) = E(z′2i) δ
4.2

E(z2i+1) = E(z2i)δE(z2i−1) E(z
′
2i+2) =

E(z
′
2i)E(z

′
2i+1)

δ = E(z2i)E(z2i+1)δ = E(z2i−2)E(z2i−1)u2i−1E(z2i)δ

E(z2i)δ E(z2i+1) E(z
′
2i+2)

E(z2i−1) E(z2i−2)E(z2i−1)u2i−1

E(z2i)δ E(z2i)E(z2i−1)
E(z2i−2)E(z2i−1)u2i−1 E(z2i)δ

E(z2i−1) = E(z2i−2)
u2i−1E(z2i−3)

= E(z2i−2)
u2i−1E(z2i−4)

u2i−3E(z2i−5)

= · · ·
= E(z2i−2)

u2i−1E(z2i−4)
u2i−3 · · ·E(z2i−2k)

u2i−2k+1 · · ·E(z2)
u3E(z1)

E(z2i−2)E(z2i−1)
u2i−1 = E(z2i−2)E(z2i−1)E(z2i−1)

u2i−2

= E(z2i−2)E(z2i−2)
u2i−1E(z2i−3)E(z2i−1)

u2i−2

= E(z2i−2)
u2i−1E(z2i−2)E(z2i−3)E(z2i−1)

u2i−2

= · · ·
= E(z2i−2)

u2i−1E(z2i−4)
u2i−3 · · ·E(z2i−2k)

u2i−2k+1 ...E(z2)
u3E(z0)

E(z1)E(z1)
u2 · · ·E(z2i−2k−1)

u2i−2kE(z2i−5)
u2i−4E(z2i−3)

u2i−2 · · ·
E(z2i−1)

u2i−2

E(z2i−2)u2i−1E(z2i−4)u2i−3 ...E(z2i−2k)u2i−2k+1 ...
E(z2)u3E(z0)u1



E(z2i)E(z2i−1) = E(z2i−2)E(z2i−1)
u2iE(z2i−1)

= E(z2i−2)E(z2i−1)
2E(z2i−1)

u2i−2E(z2i−1)

= E(z2i−2)E(z2i−1)E(z2i−2)
u2i−1E(z2i−3)E(z2i−1)

u2i−1

= · · ·
= E(z2i−2)E(z2i−1)E(z2i−2)

u2i−1−1E(z2i−4)
u2i−3E(z2i−6)

u2i−5

. . . E(z2i−2k)
u2i−2k+1 · · ·E(z2)

u3E(z0)E(z1)E(z1)
u2E(z3)

u4 · · ·
E(z2i−2k−1)

u2i−2k · · ·E(z2i−3)
u2i−2E(z2i−1)

u2i−1

E(z2i−2)E(z2i−1)
u2i−1 = E(z2i−4)E(z2i−3)

u2i−2E(z2i−1)
u2i−1

= E(z2i−6)E(z2i−5)
u2i−4E(z2i−3)

u2i−2E(z2i−1)
u2i−1

= · · ·
= E(z0)E(z1)

u2E(z3)
u4 · · ·E(z2i−2k−1)

u2i−2kE(z2i−3)
u2i−2

· · ·E(z2i−1)
u2i−1

E(z1)u2E(z3)u4 ...E(z2i−2k−1)u2i−2k ...E(z2i−3)u2i−2

E(z2i−1)u2i−1 !

S E(z2i+2)
z2i+2 = [0, u1, ..., u2i+1, δ] E(z′2i+3) z′2i+3 = [0, u1, ..., u2i+1 − 1, 1, δ]

E(z2i+1)δ

. . . E(z′2i+3) E(z′2i+3)
E(z2i+2) E(z2i+2) . . .

S

S w1E(z2i+1)δw2 w1 = E(z1)u2 E(z3)u4 · · · E(z2i−2k−1)u2i−2k

· · · E(z2i−3)u2i−2 E(z2i−1)u2i . w2 = E(z2i)u2i+1−1E(z2i−2)u2i−1E(z2i−4)u2i−3 · · ·
E(z2i−2k)u2i−2k+1 · · · E(z2)u3E(z0)u1

E(z2i+1) = E(z′2i+1) δ 4.3

E(z2i+2) = E(z2i)E(z2i+1)δ E(z
′
2i+3) =

E(z
′
2i+2)

δE(z
′
2i+1) = E(z2i+1)δE(z2i)u2i+1−1E(z2i−1) E(z2i+1)δ

E(z2i+2) E(z
′
2i+3)

E(z2i)E(z2i+1) E(z2i)u2i+1−1E(z2i−1)
E(z2i+1)δ E(z2i) E(z2i)u2i+1−1E(z2i−1)

E(z2i+1)δ

!



E(z2) E(z0)E(z1) E(z2)

O

S

UD2 = UD

UD1 = UD

(D2) : z
′
4 = [0, 1, 1, 1, 2]

(D1) : z3 = [0, 1, 2, 2]

(D) : z2 = [0, 1, 2]

LD1

LD2 = LD

LD2

LD1 = LD

E(z3) E(z
′
4) S

D1 D2

D
p2i

q2i
= [0, u1, ..., u2i] (

p2i+1

q2i+1
=

[0, u1, ..., u2i+1]) D1 D2

D1 D2

D
δp2i + p2i−1

δq2i + q2i−1

(δ + 1)p2i − p2i−1

(δ + 1)q2i − q2i−1

D
δp2i+1 + p2i

δq2i+1 + q2i

(δ + 1)p2i+1 − p2i

(δ + 1)q2i+1 − q2i

a b
(a, b) (x, y) ax + by = 1

a

b
(a, b)

(a, b)
a

b

pk

qk
k

a

b

(q2n,−p2n)
a

b
2n + 1

(b− q2n−1, p2n−1 − a)
a

b
2n



O

S

E(z2)E(z0)E(z3)E(z1)

(D) : z3 = [0, 1, 1, 2]

(D1) : z4 = [0, 1, 1, 2, 1]

(D2) : z
′
5 = [0, 1, 1, 1, 1, 1]

LD1 = LD

LD2

LD2 = LD

LD1

UD2 = UD1 = UD

E(z4) E(z
′
5) S

D1 D2

D1 D2 D(a, b, µ)
µ = a(x − x0) + b(y − y0) (x, y)

D (x0, y0) Z2 D1 D2

δµ + µ− δ δµ ( D
D1 D2 δµ δµ + µ− δ )
( 4.2 4.3 )

D1 D2

D (µ(b−q2i−1)−δq2i, µ(p2i−1−
a) + δp2i) + k(−δq2i −
q2i−1, δp2i + p2i−1)

(µ(b− q2i−1), µ(p2i−1− a)) +
k(−(δ + 1)q2i + q2i−1, (δ +
1)p2i − p2i−1)

D (µq2i,−µp2i) + k(−δq2i+1 −
q2i, δp2i+1 + p2i)

(µq2i − δq2i+1,−µp2i +
δp2i+1) + k(−(δ + 1)q2i+1 +
q2i, (δ + 1)p2i+1 − p2i)

D1

D 2n
rD1((µ(b− q2i−1)− δq2i, µ(p2i−1 − a) + δp2i) + k(−δq2i − q2i−1, δp2i + p2i−1)) =
rD1((µ(b− q2i−1)− δq2i, µ(p2i−1 − a) + δp2i)) + 0 = δµ + µ− δ

D 2n + 1
rD1((µq2i,−µp2i) + k(−δq2i+1 − q2i, δp2i+1 + p2i) = rD1((µq2i,
− µp2i)) + 0 = δµ



D2

D 2n
rD2((µ(b − q2i−1), µ(p2i−1 − a)) + k(−(δ + 1)q2i + q2i−1, (δ + 1)p2i − p2i−1)) =
rD2((µ(b− q2i−1), µ(p2i−1 − a))) + 0 = δµ

D 2n + 1
rD2((µq2i− δq2i+1,−µp2i + δp2i+1) + k(−(δ + 1)q2i+1 + q2i, (δ + 1)p2i+1− p2i) =
rD2((µq2i − δq2i+1,−µp2i + δp2i+1)) + 0 = δµ + µ− δ

D1(a1, b1, µ1) D2(a2, b2, µ2)
a1

b1
=

[0, u1, ..., u2i, δ]
a2

b2
= [0, u1, · · · , u2i− 1, 1, δ] µ1 = δµ+µ− δ µ2 = δµ

z2i δ µ

L = E(z1)u2E(z3)u4 · · ·E(z2i−2k−1)u2i−2k · · ·E(z2i−3)u2i−2E(z2i−1)u2i−1

R = E(z2i−2)u2i−1E(z2i−4)u2i−3 · · ·E(z2i−2k)u2i−2k+1 · · ·E(z2)u3E(z0)u1

S D1 D2

R E(z2i−1) L
E(z2i)E(z2i−1) E(z2i−1) E(z2i)

L R E(z2i) E(z2i)
L R S z2i

D1(a1, b1, µ1) D2(a2, b2, µ2)
a1

b1
=

[0, u1, ..., u2i+1, δ]
a2

b2
= [0, u1, ..., u2i+1 − 1, 1, δ] µ1 = δµ µ2 = δµ + µ − δ

z2i+1 δ µ

D1(a1, b1, µ1)
D2(a2, b2, µ2) µ1 = δµ + µ− δ µ2 = δµ

S(h, v) Z2

(X, Y ) Z2

X =
[x

h

]
Y =

[y

v

] [x

h

]
x h

{x

h

}
(h, v)

Z2 S(h, v) ∆1(a′1, b
′
1, µ

′
1)

∆2(a′2, b
′
2, µ

′
2) (h, v) D1 D2



−p1 + Q1
2 −Q1

1 + SI1 ≤ a′1X + b′1Y < Q1
3 −Q1

2 + SS1 (∆1)

−p2 + Q2
2 −Q2

1 + SI2 ≤ a′2X + b′2Y < Q2
3 −Q2

2 + SS2 (∆2)

i ∈ {1, 2}, pi = a′i + b′i gi = gcd(aih, biv) a′i =
aih

gi
b′i =

biv

gi
µi = δµ + (2−

i)(µ− δ)

k = 1, 2, 3 Qi
k =

[
(k−1)µi+k(ai+bi)−1

gi

]
Ri

k =
{

(k−1)µi+k(ai+bi)−1
gi

}

SI i =

{
0 if Ri

2 ≤ Ri
1

1
SSi =

{
0 if Ri

3 ≤ Ri
2

1

Ai = −pi + Qi
2 −Qi

1 + SI i Bi = Qi
3 −Qi

2 + SSi

i = 1, 2

A1 ≤ a′1X + b′1Y < B1

A2 ≤ a′2X + b′2Y < B2

a′1 b′1 u1 v1 a′1u1 + b′1v1 = 1

U

(
u1 −b′1
v1 a′1

) (
X ′

Y ′

)
U−1

(
X
Y

)

(
A1

A2

)
≤

(
1 0

u1a′2 + v1b′2 a′1b
′
2 − a′2b

′
1

) (
X ′

Y ′

)
<

(
B1

B2

)

λ1 = u1a′2 + v1b′2 λ2 = a′1b
′
2 − a′2b

′
1

X ′ Y ′

∆1 ∆2 S(h, v)
D1 D2 Z2

A1 ≤ X ′ < B1

Y ′ λ2

λ2 > 0,−
[
−A2 + λ1X ′

λ2

]
≤ Y ′ < −

[
−B2 + λ1X ′

λ2

]

λ2 < 0,

[
B2 − λ1X ′

λ2

]
+ 1 ≤ Y ′ <

[
A2 − λ1X ′

λ2

]
+ 1



∆1(3, 4,−2) ∆2(3, 5,−3)

D(2, 3, 2) 2
3 = [0, 1, 2]

δ = 1 (h, v) = (2, 2) D1(3, 4, 3) D2(3, 5, 2)
(2, 2) ∆1(3, 4,−2) ∆2(3, 5,−3)

−2 ≤ X ′ < 5 λ2 = 3 > 0 Y ′

−
[
3−X ′

3

]
≤ Y ′ < −

[
−5−X ′

3

]

U

(
3 −4
−2 3

)
(X ′, Y ′)

P S D1 D2 D
(xf , yf ) = (1, 0) (xl, yl) = (4,−2) P ′ P

(h, v) = (2, 2) S ′ ∆1

∆2 S ′ S
P ′ (Xf , Yf ) = (0, 0) (Xl, Yl) = (2,−1) P ′

∆ D
(a, b, µ) ∆
NewSmartDSS P ′

∆ (Xf , Yf ) (Xl, Yl)
((Xf , Yf ), (Xl, Yl) ∈ ∆) (1, 1, 0)

(a1, a2) ∈ Z× Z b ∈ Z∗

[a1

b

]
−

[a2

b

]
=






[
a1 − a2

b

]
if R1 ≥ R2

[
a1 − a2

b

]
+ 1

R1 =
{a1

b

}
R2 =

{a2

b

}



D1(3, 4, 3) D2(3, 5, 2)

nIP (∆1, ∆2) ∆1 ∆2

nP (X
′
) X

′

nIP (∆1, ∆2)
B1−1∑

X′=A1

nP (X
′
)

• λ2 > 0

nP (X
′
) =






[
a
′
2 + b

′
2

λ2

]
if R1 ≥ R2

[
a
′
2 + b

′
2

λ2

]
+ 1



0

0

∆1(3, 4,−2) ∆2(3, 5,−3)

• λ2 < 0

nP (X
′
) =






[
−a

′
2 − b

′
2

λ2

]
if R1 ≥ R2

[
−a

′
2 − b

′
2

λ2

]
+ 1

R1 =

{
−A2 + λ1X

′

λ2

}
R2 =

{
−B2 + λ1X

′

λ2

}

λ2 > 0 4.9

−
[
−A2 + λ1X ′

λ2

]
≤ Y ′ < −

[
−B2 + λ1X ′

λ2

]

nP (X
′
) = −

[
−B2 + λ1X ′

λ2

]
+

[
−A2 + λ1X ′

λ2

]

1

nP (X
′
) =






[
−A2 + B2

λ2

]
if R1 ≥ R2

[
−A2 + B2

λ2

]
+ 1



R1 =

{
−A2 + λ1X

′

λ2

}
R2 =

{
−B2 + λ1X

′

λ2

}

D2 ∆2 (h, v)
B2 − A2 = a

′
2 + b

′
2

nP (X
′
) =






[
a
′
2 + b

′
2

λ2

]
if R1 ≥ R2

[
a
′
2 + b

′
2

λ2

]
+ 1

4.8 X
′

A1

B1 − 1
∆1 ∆2

(X
′
, Y

′
)

nIP (∆1, ∆2)
B1−1∑

X′=A1

nP (X
′
)

(a, b, µ)

P ′ P



Θ(
∑k

i=0 ui)
[u0; u1, . . . , uk]

a
b a + b = n log2 n

n Θ(1)
Θ(k − k′)

[u0; u1, . . . , uk′ ]

Lachaud


Lachaud


Lachaud


Lachaud


Lachaud
Lachaud - 1 août 10 16:48
fast => time

Lachaud
Evite 1 seul sous-chapitre. Soit aucun, soit deux sous-chapitres


Lachaud
Indique ici qu'une approche entièrement analytique est pour le moment hors de portée. On utilise donc les résultats sur les DSL doublée d'une approche algorithmique.

Lachaud
C'est * delta, non ?

Lachaud
output




Θ(1)
Θ(n)

D×D
M

MT T
T Θ(log D)

Θ(log D +
∑k

i=0 ui) [u0; u1, . . . , uk]

T Θ(log D)
Θ(log D + k − k′)

(h, v) S D(a, b, µ)
P, Q S ′

D S(h, v) P ′ = S(h, v)(P ) Q′ = S(h, v)(Q)

S ′ S(h, v) S

S D
(h, v) S ′ S

(h, v) D′ D D′

S S ′

D′

S ′

S ′

Lachaud


Lachaud


Lachaud


Lachaud
* delta 

Lachaud
Le log D intervient si tu veux calculer la fraction continue de a/b. Si elle est déjà calculée, on peut sans doute enlever ce terme. Je vérifie dans la suite.


Lachaud
Tu es en mode français ?
corollaire => corollary

Généralement, on précise de quel(s) théorèmes on est le corollaire.

Lachaud
establish
Bizarre, ta proposition 8 ne fait pas ça. A mon avis, tu veux ici te referer à un autre theoreme (d'ailleurs etabli peut-etre par Debled ou Sivignon).

Lachaud
Propose un titre court. Je crois que la commande est du genre:
\chapter[Titre court]{Titre long}
"DSS recognition when DSL is known"



S ′ S

v ∆ka h ∆kb ∆k

• gcd(h, v) &= 1 ∆k = k hvg
g1g2g3g4

k = 1, 2, ... g = gcd(h, v) g1 =

gcd(a, v) g2 = gcd(b, h) g3 = gcd(h, v
g1

) g4 = gcd(v, h
g2

)

• gcd(h, v) = 1 ∆k = k hv
g1g2

k = 1, 2, ...

• h = v ∆k = kv k = 1, 2, ...

• gcd(h, v) &= 1

gcd(a, v) = 1 gcd(b, h) = 1 ∆k h v
gcd(h, v) &= 1 ∆k

h v ∃k = 1, 2, ... ∆k = k hv
g g = gcd(h, v)

gcd(a, v) &= 1 gcd(b, h) = 1 ∆k h
v
g1

g1 = gcd(a, v) gcd(h, v) &= 1 ∃k = 1, 2, ...

∆k = k hv
g1

gcd(a, v) = 1 gcd(b, h) &= 1 ∆k v
h
g2

g2 = gcd(b, h) gcd(h, v) &= 1 ∃k = 1, 2, ...

∆k = k hv
g2

gcd(a, v) &= 1 gcd(b, h) &= 1 ∆k
v
g1

h
g2

gcd(h, v) &= 1 ∃k = 1, 2, ... ∆k = k hv
g1g2

∆k ∆k =
k hvg

g1g2g3g4
k = 1, 2, ... !

• gcd(h, v) = 1

gcd(a, v) = 1 gcd(b, h) = 1 ∆k h v
gcd(h, v) = 1 ∆k hv ∃k = 1, 2, . . .

∆k = k hv
g1g2

g1 = gcd(a, v) g2 = gcd(b, h)

gcd(a, v) &= 1 gcd(b, h) = 1 ∆k
hv
g1

∃k = 1, 2, . . . .

∆k = k hv
g1g2

gcd(a, v) = 1 gcd(b, h) &= 1 ∆k
hv
g2

∃k = 1, 2, . . . .

∆k = k hv
g1g2

gcd(a, v) &= 1 gcd(b, h) &= 1 ∆k
hv

g1g2
∃k =

1, 2, . . . . ∆k = k hv
g1g2

Lachaud




∆k = k hv
g1g2

k = 1, 2, . . . !

S ′

D′ δmin v δmina h δminb
δmin = ∆1 δc

S ′ D′

δ ≥ 2δmin S ′ D′

( δ < 2δmin) S ′ D′

D′

S a
b S ′ (h, v)

h = v δ = 2δmin

D′ S δ = 2h
S 2ha 2hb
S ′ 2a 2b

• S ′ S ′

D′ S ′

•
S ′ S ′

S ′ D′ S ′

S δc + nδmin D S ′

n + 1

µc δ = δc µ = µc

δ = δc

• (h = v) (µ = µc + nv) n ∈ Z

• gcd(h, v) = 1 (µ = µc + nhv)

• gcd(h, v) &= 1 (µ = µc + nhv
g ) g = gcd(h, v)

Lachaud


Lachaud


Lachaud


Lachaud


Lachaud
is

Lachaud
Mettre le carre pour terminer la preuve.

Lachaud
Indique que tu as vérifié ce comportement sur de très nombreux exemples (même de manière exhaustive de mémoire), mais que tu ne sais pas encore comment le prouver.



S ′

D′ S ′ 2δmin

S ′

pk

qk

O(1)
O(1)

O(1)

δ
Q

S a
b = [u0, u1, ..., uk] T (S)

S a
b

∑k
i=0 ui = n

T (S) ≤ 2n

n T (S) ≤ 2n T (S) = 0
S 0

U ′
y ≤ Qy L′

x ≤ Qx P
∈ S

T (S) ≤ 2n S [u0, u1, ..., uk]
∑k

i=0 ui = n
S ′ n + 1 T (S ′) ≤ 2n + 2

D



S ′ a′/b′ = [u′0, u
′
1, ..., u

′
k′ ] n+1

a/b
a′/b′

[u0, u1, ..., uk, δ] [u0, u1, ..., uk − 1, 1, δ]
a/b = [u0, u1, ..., uk]

• k = k′ − 1 ∀i = 0 . . . k, ui = u′i u′k′ = δ

• k = k′ − 2 ∀i = 0 . . . k, ui = u′i u′k′−1 = 1 u′k′ = δ

∑k
i=0 ui = n + 1 − δ δ ≥ 1 S ′

S a/b ≤ n S ′

S δ
T (S) ≤ 2(n+1− δ)

D
δ 2δ S

S ′

S ′

T (S ′) ≤ T (S) + 2δ ≤ 2(n + 1− δ) + 2δ = 2n + 2

S a
b = [u0, u1, ..., uk] δ a

b∑k
i=0 ui = n T (S) ≤ 2n + 2δ

S(a, b, µ) (P, Q) S (h, v) D
S D′

S ′

P Q (h, v)
∆ (δmin) v ∆a h ∆b

S ′

S 2δmin S ′

D′

S ′
0

2δmin δmin S ′
0

D′
0

Lachaud
Rajoute la boite de fin de preuve




O(1) (b′, a′) (pk, qk)
pkb′ − qka′ = 1 pi

qi

pk

qk

p q k (b′, a′)
p, q
k

k
b′ ← qk − qk−1

a′ ← pk − pk−1

b′ ← qk−1

a′ ← pk−1

O(1)
uw true uw false

δ

uw δ k u p q
uw True
δ
k
u, p, q

uw = true k uw = false k
uk ← uk − 1 pk ← pk − pk−1 qk ← qk − qk−1

uk+1 ← 1 pk+1 ← pk + pk−1 qk+1 ← qk + qk−1

k ← k + 1

δ = 1
uk ← uk + 1 pk ← pk + pk−1 qk ← qk + qk−1

uk+1 ← δ pk+1 ← δpk + pk−1 qk+1 ← δqk + qk−1

k ← k + 1



(a, b, µ)
D P Q P, Q ∈ D∑k

i=0 uk
a
b = [u0, . . . , uk]

D (α, β, µ′) P, Q Z2

S (a, b, µ)
u, p, q a

b = [u0, . . . , uk] = pk

qk

U,L, U ′, L′ Z2

ulu, lul, inside
k, loop

k ← 0 u0 ← 0 p0 ← 0 q0 ← 1 p−1 ← 1 q−1 ← 0
U ← P L ← P
inside ← true ulu ← true lul ← true

inside pk &= α
(a, b) ← (pk, qk)
(b′, a′) ← (p, q, k) ab′ − ba′ = 1
U ′ ← U + (b− b′, a− a′)
L′ ← L + (b′, a′)

δ ← 1 loop ← 0

U ′ ← U ′ + (b, a) L′ ← L′ + (b, a)
U ′

y ≤ Qy U ′ ∈ D loop ← 1
L′

x ≤ Qx L′ ∈ D loop ← 2
δ ← δ + 1

loop &= 0 U ′
y ≥ Qy L′

x ≥ Qx

loop = 1
U ′

true, δ, k, u, p, q
L ← L′ − (b′, a′)

lul L ← L− (b, a)
ulu ← true lul ← false

loop = 2
L′

false, δ, k, u, p, q
U ← U ′ − (b− b′, a− a′)

ulu U ← U − (b, a)
ulu ← false lul ← true

inside ← false

a ← pk b ← qk µ ← aUx − bUy

Lachaud
+ delta



Lower leaning points

Tested points

Upper leaning points

  Origin

Accepted points

  Origin

Endpoints

D(13, 17,−5)
(a, b, µ) S D

(12, 9)

S’0(1,−2,−8,0)

S’1(0,−1,7,0)

S’
2(
−1
,−
1,
0,
0)

S
’3
(−
1
,0
,4
,0
)

S’6(0,1,−3,1) S’7(0,1,−2,0)

S’4(−1,1,0,1) S’5(−1,1,1,1) S’
8(
1,
1,
10
,0
)

(h, v) = (2, 2)



(a′, b′, µ′) S ′

D′ P ′ Q′ P ′, Q′ ∈ D′

S P, Q, h, v S ′

S (a, b, µ) P, Q Z2 S ′ (a′, b′, µ′)
δ
δmin v ∆a h ∆b
α, β, µ′′ D′(α, β, µ′′) D (h, v)
P ′, Q′ S ′

D ←DSL(S) D(a, b, µ)
(D, h, v, D′)

P ′
x ←Px

h P ′
y ←

Py

v

Q′
x ←Qx

h Q′
y ←

Qy

v

δmin ← (a, b, h, v)
δ ≥ 2δmin

S ′ ←D′ S ′ D′

(D′, P ′, Q′, S ′)

(a′, b′, µ′)
S ′ S S(h, v)

S ′ S

(a′, b′, µ′)
S ′ D′(α′, β′) D′ D

(h, v) S D D′

A′ B′ S ′

L1 A′ L2 B′

(a′, b′, µ′) S ′

Lachaud
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Lachaud


Lachaud


Lachaud


Lachaud
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Lachaud
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Lachaud
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Lachaud
Cet algo est specifique a la multiresolution (h,v) au contraire de l'algorithme 3. Il faut adapter le caption.

Lachaud
another

Lachaud
its

Lachaud
as the one


Lachaud
also

Lachaud
The principle of our new algorithm is to follow the Stern-Broccot tree in a bottom-up way: this is why we call this algorithm "reversed smart DSS".

Lachaud
call

Lachaud
FirstLowerBound devrait être écrit quelque part, comme SecondLowerBound.



L1 L2

β′ β′ A′ L1

B′ L2 A′ L1 B′ L2

(α′, β′)
β′

O(n − n′) n
α′

β′ = [u0, u1, . . . , un] n′

a′

b′ = [u0, u1, . . . , un′ ]
L1 A′ L2 B′

L1 L2

(a′, b′, µ′) S ′

L1 L2 (α′, β′)

O(1)
Left L2 L2 L1

A′ L3 B′

L1 L2 L2 L3

O(1) LU
RU LU RU

A′

B′

(a′, b′, µ′) A′B′

(α′, β′) L1

L3 L2

L1

A′

L3 B′

RU B′

LU A′

(a′, b′, µ′)

S
13

18
= [0, 1, 2, 1, 1, 2] A B

S δ = 1 (h, v) = (2, 2)
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Lachaud
equal ? superposed ?

Lachaud
Lachaud - 3 août 10 22:53


Lachaud
call

Lachaud
boolean variable

Lachaud
at

Lachaud
for the three ...

Lachaud
Ecrits les fractions sous la forme a/b.
Ca evitera les lignes ecartees bizarrement dans tout le paragraphe, et cela le rendra plus lisible.

Lachaud
method "reducing the slope" ?

Lachaud
Mal dit : previous convergent of the slope ?

Lachaud
We stress here that the function twiceSlope is really the core of this DSS recognition method. In its loop, three different patterns are tested progressively, so as to find the first that has exactly the sought slope.

Lachaud
the

Lachaud
the

Lachaud
Tu devrais définir proprement ce que tu appelles "lower bound" d'un DSS. On devine, mais ce n'est guère suffisant.

Lachaud
either

Lachaud
Précisez ici que ces appels sont faits aux lignes 3,4,5 de l'algo 7.

Lachaud
peu clair


Lachaud
go on

Lachaud
Il faudrait expliquer les tests très compliqués que tu fais dans cette boucle.



S ′ A′ B′ S ′

A B S ′

D′

D′ D′ D D
L1 A′ L3 B′ L2 A′ B′

13

18
S ′ 13

18

(a′, b′, µ′) S ′

3

4
5

7
5

7
3

4

5

7

5

7
5

7
(5, 7, 6)

L11 L1

L22 L2 PS =
5

7
S =

13

18

S k
5

7
A′

L11 A′

k = 3 L11 L22 k = 2

L11
5

7

S(3, 4) L11 L22 PS =
1

1

S =
3

4
S k

1

1
A′ L22 A′

k = 4 L22

L11 k = 3 L11
1

1
L11 L22 L11 A′

1

1

O(n − n′) [u0, u1, ..., un]
[u0, u1, ..., un′ ]

Lachaud
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Lachaud
thus we => we thus

Lachaud
of two

Lachaud
of

Lachaud
of three

Lachaud
number

Lachaud
in the number of partial quotients of the continued fraction.

Lachaud
(n' <= n)




(a′1, b
′
1)

D′ U1 U2 D′

A′ B′ A′, B′ ∈ D′

U1, U2 D′ (α′, β′) A′, B′

Z2 (a′1, b
′
1)

LU,RU Z2

S, PS Z2 PS S
k A′ B′

parity

LU ← U1 RU ← U2

(LU > A′ RU < B′)
(α′, β′)

S ← (α′, β′)
parity ← S
PS ← S

( )
(RU > B′)
k ← RU, B′, PS, true, false
RU ← RU − k(PSy,−PSx)

(LU < A′)
LU ← RU − (PSy,−PSx)

(LU < A′)
k ← LU,A′, PS, true, false
LU ← LU − k(−PSy, PSx)

(RU > B′)
RU ← LU − (−PSy, PSx)

(α′, β′) ← (LUy −RUy, RUx − LUx)
(α′, β′)

Lachaud


Lachaud


Lachaud


Lachaud
devrait être un autre algorithme.



(a′2, b
′
2)

D′ A′

L2 L2 B′

A′, B′ ∈ D′ L1L2 L2L3

L1, L2, L3 D′ (α′, β′) X(A′

B′) Z2 (a′2, b
′
2)

P, L11, L22, S, PS Z2 L11 L22

k
parity

S ← (α′, β′)
P ← L1 L3

L11 ← L1 L2

L22 ← L2 L3

parity ← S
PS ← S

( )
k ← L11, X, PS, true, false
P ← L11 − k(−PSy, PSx)

k ← L22, X, PS, true, false
P ← L22 − k(PSy,−PSx)

L11 = P
L22 = P

(α′, β′) ← (|Py − L2y |, |L2x − Px|)
L1 ← L11 L1

L3 ← L3 L22

(α′, β′)

Lachaud


Lachaud


Lachaud
In



(a′, b′, µ′) S ′

a′

b′
= [u0, ..., un′ ] D′ α′

β′
= [u0, ..., un]

A′ B′ A′, B′ ∈ D′

L1, L3 D′ (α′, β′) A′, B′

Z2 S ′ (a′, b′, µ′)
U1, U2, L2, S, S1, S2, S3, DS Z2

D′
1, D

′
2, D

′
3 (α′, β′) S

S ← (α′, β′) L ← R ← U ← ←
L2 ← L1, S U1 ← D′, L1, L2

U2 ← U1, S CF ← S
CF

(L R U)
S1 ← D′

1, L1, L2, L3, A′, true
S2 ← D′

2, L1, L2, L3, B′, false
S3 ← D′

3, U1, U2, A′, B′

(L1 >= A′ L3 <= B′ (U1 >= A U2 <= B))
DS ← S1 S2 S3 DS

L1 >= A′ L ← L3 <= B′ R ←
(U1 >= A U2 <= B) U ←
(L1 >= A′ DS == S1) (L3 <= B′ DS == S2)

(U1 >= A U2 <= B DS == S3)

((L R) (L U) (R U))
S1 ←(R U) D′

2, L1, L2, L3, B′, false
D′

1, L1, L2, L3, A′, true
S2 ←(L R) D′

2, L1, L2, L3, B′, false
D′

3, U1, U2, A′, B′

((((L U) (L R)) (L1 >= A′)) (((R U) (L
R)) (L3 <= B′)) (((R U) (L U)) (U1 >= A′

U2 <= B′))) DS ← S1 S2

(((R U) ((L3 <= B′ DS == S1) (U1 >= A′

U2 <= B′ DS == S2))) ((L U) ((L1 >= A′

DS == S1) (U1 >= A′ U2 <= B′ DS == S2))) ((L
R) ((L1 >= A′ DS == S1) (L3 <= B′ DS == S2))))

(((L U) (L R)) (L1 >= A′)) L ←
(((R U) (L R)) (L3 <= B′)) R ←
(((R U) (L U)) (U1 >= A′ U2 <= B′))
U ←

L DS ← D′
1, L1, L2, L3, A′, true

R DS ← D′
2, L1, L2, L3, B′, false

DS ← D′
3, U1, U2, A′, B′

((L L1 >= A′) (R L3 <= B′) (U U1 >= A′

U2 <= B′))

a′ ←DSx b′ ←DSy µ′ ←a′L2x + b′L2y

Lachaud


Lachaud


Lachaud
TwiceSlope pourrait peut-etre s'appeler "DSSWithinTwoPatterns" ?

Lachaud
Ces tests un peu complexes devraient être justifiés. Je suppose que ça vient des cas où l'un des S1, S2, S3 est stoppé.



(a′, b′, µ′) S ′

D′ A′ B′

A′, B′ ∈ D′

L1, L2 D′ (α, β, µ′′) A′, B′

Z2 S ′ (a′, b′, µ′)
Lp1, Lp2, L, V1, V2, S, PS, PPS Z2

k, k1, k2, gcd, dL, X, Y, α′, β′

parity, coveringA, coveringB

(A′
x == B′

x) (1, 0, A′
x)

(A′
y == B′

y) (0, 1, A′
y)

α′ ←α α′ ←β D′′ ←(α′, β′)
dL ←L2x − L1x

(dL ≥ 3β′) (dL == 2β′ (A′ == L1 B′ == L2)) (A′ == L1

B′ == L2) (α′, β′, α′L1x + β′L1y)
(dL == 2β′) D′, A′, B′, L1, L2

parity ← S ←(α′, β′) PS ← S
L ←parity L1 L2 coveringA′ ←parity true false
coveringB′ ←parity false true
k1 ← L, A′, PS, coveringA′ , true
k2 ← L, B′, PS, coveringB′ , true

( )
Lp1 ← L1 − k1(−PSy, PSx) V2 ←L1 − k2(−PSy, PSx)
Lp2 ←(V2 ≤ L2) V2 L2

Lp2 ← L2 − k2(PSy,−PSx) V1 ←L2 − k1(PSy,−PSx)
Lp1 ←(V1 ≥ L1) V1 L1

k ←( Lp2! = L2) ( Lp1! = L1)
(Lp2x − Lp1x)/PSy

S ←((Lp1y − Lp2y)/k, (Lp2x − Lp1x)/k)
(Lp1 == L1) (Lp2 == L2)

S, PS, PPS
(Lp2 == B′)
Lp1 ←Lp1 (parity) (−PSy, PSx) (−PPSy, PPSx)
(a′, b′) ←(Lp1y − Lp2y , Lp2x − Lp1x) µ′ ←a′L2x + b′L2y

(Lp1 == A′)
Lp2 ←Lp2 (parity) (PPSy,−PPSx) (PSy,−PSx)
(a′, b′) ←(Lp1y − Lp2y , Lp2x − Lp1x) µ′ ←a′L1x + b′L1y

(a′, b′) ←PS
µ′ ←a′(parity L1x L2x b′(parity L1y L2y

(a′, b′, µ′)

Lp1 Lp2 (Sx, Sy) A′ B′



B’

B

A

S(13,18,62)

(h,v)=(2,2)
S’(5,7,6)

A’

U
1 U

2

L1

U2

L
1 L

2

L
2 L

3

U1

L2

L3

S(13, 18, 62)
A B (a′, b′, µ′) DSS S ′ A′ B′

S (h, v) = (2, 2) D′(13, 18, 16)
D′ D

DSS

Lachaud
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represent



(a′, b′, µ′) S ′

D′ A′ B′ A′, B′ ∈ D′

S (a, b, δ) O Z2 A, B
S h, v S ′ (a′, b′, µ′)

α, β, µ′′ D′(α, β, µ′′) D (h, v)
A′, B′ : Z2 S ′

L1, L2 : Z2 S ′

g :

µ ←a(Ax −Ox) + b(Ay −Oy)
D ←DSL(S) D(a, b, µ)

D, h, v, D′

A′ ←(
Ax

h
,
Ay

v
) B′ ←(

Bx

h
,
By

v
)

L1 ← D′, A′

L2 ← D′, L1, B′

S ′ ← D′, A′, B′, L1, L2

S ′(a′, b′, µ′)

k = 1

PS = 5
7 = [0, 1, 2, 1, 1]

S = 13
18 = [0, 1, 2, 1, 1, 2]

RU

LU

U2 RU ← U2

U1 LU ← U1

LU ← RU + (−7, 5)
A′

B′

U1U2(13, 18, 16) L1L3

(a′1, b
′
1) A′B′

k
B′

Lachaud


Lachaud


Lachaud


Lachaud
C'est plutôt un algorithme qui calcule la multirésolution d'un DSS par (h,v), non ?
L'algo de reconnaissance lui-même (non spécifique à la multirésolution est l'algo 8 RSmartDSS).

Lachaud
Ces deux fonctions /definitions sont-elles si claires que ça ? Il faudrait peut-être les définir/écrire.



1

2

L11
S = 3

4 = [0, 1, 3]

k = 3

S = 13
18 = [0, 1, 2, 1, 1, 2]

PS = 5
7 = [0, 1, 2, 1, 1]

k = 2

PS = 1
1 = [0, 1]

L1 L11 ← L1

L2 L22 ← L2

A′ L11 = A′

L1L2(13, 18, 16) L1L3

(a′2, b
′
2) A′L2

k
A′

C N C
C

(Sj)

C
(h, v)−−−−−−−−−→ C ′

↓ ↑
(Sj)j=1..M

S(h, v)−−−−−−−−−−−−−−−−−→ (S ′
j)j=1..M

C = ((xi, yi))i=1...N

C ′ {(xi ÷ h, yi ÷ v), i = 1 . . . N}
S(h, v)

M Sj

Lachaud




1

2

2

1

L22

L2 L11 ← L2

L3 L22 ← L3

B′ L22 = B′

PS = 2
3 = [0, 1, 2]

S = 5
7 = [0, 1, 2, 2]

k = 2

S = 13
18 = [0, 1, 2, 1, 1, 2]

PS = 5
7 = [0, 1, 2, 1, 1]

k = 1

L2L3(13, 18, 16) L1L3

(a′3, b
′
3) L2B′

k
B′

Sj S ′
j S(h, v)

S ′
j S(h, v)

S(h, v) (h, v) C

C = ∪j=1...MSj

S(h, v)

C = ∪j=1...MSj

⇒ S(h, v)(C) = S(h, v)(∪j=1...MSj)

⇒ C ′ = ∪j=1...MS(h, v)(Sj)

⇒ C ′ = ∪j=1...MS ′
j.



(h, v)

S(h, v) C C ′

(h, v)
(19,−11,−673)

(1, 1) (2, 2)
(7,−4,−134) (4, 4)

(5,−3,−35)
(2,−1,−78)

(2, 2) δ ≥ 2δmin δmin = 2 (2,−1,−41)
(4, 4) (2,−1,−22)

Ω(M) O(M × U)
U

U O(N/(hv))
O(log2(N/(hv)))
N/(hv)×N/(hv) N

2.10

Lachaud


Lachaud
Les nombres de quotients partiels ne sont pas mis dans la table.



h, v
(h, v)

(h, v)

θ(n) n
DSS
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Lachaud
Tu es sûr que les timings sont en ms et pas en secondes ? Pour mesurer, c'est que tu as fait mille exécutions et tu as divisé le temps total par mille ?

Lachaud
extremeties => petals

Lachaud
Ce n'est pas une phrase.

Lachaud
top-down

Lachaud
il doit manquer qqchose.



(19,−
11,−

673,13)

(7,−
4,−

134,9)

(−
3,2,−

4,7)

(1
,1
,1
4,
1)

(5
,3
,8
0,
8)

(1,−1,3,1)

(−
2,
−
1,
−
79
,8
)

(−
1,
−
1,
−
30
,2
)

(−
1,1,−

9,2)

(−
1,
−1
,−
39
,1
)

(−1,1,5,1) (0,1,−6,0)

(−1,0,8,0)

(0,−1,27,0)

(5,−
3,−

53,6)

(0,−1,13,0)(0,−1,13,0)

(−1,1,−5,1)

(−
3,2,−

3,5)

(0,1,−3,0) (0,1,−3,0)

(3
,2
,2
3,
7)

(−
1,
−1
,4
,1
)

(−
2,
−1
,−
38
,5
)



(2
,−
1
,−
7
8
,0
)

(2,−
1,−

41,0)

(1,−1,−5,0)

(−1,1,−2,0) (−1,2,−4,4)

(1
,0
,−
1
5
,0
)

(1,−2,26,0)

(0,−1,28,0)

(−1
,−2

,43
,0)

(−
1,
−1
,1
6,
0)

(−
2,
−
1,
−
88
,0
)

(−
1
,0
,5
,0
)

(−
2,1,−

1,3)

(−1,1,8,1)

(0,1,−4,0) (1,2
,10,

2) (1,2
,11,

3)

(1
,1
,1
8,
0)

(2
,1
,4
4,
0)

(−
1,1,−

9,1)

(2,−
1,−

22,2)

(1,−1,−3,1)

(1,−2,11,3)

(0,−1,14,0)

(−1,1,−4,2)

(−1,1,−1,1) (−1,1,2,2) (0,1,−2,0) (0,1,−2,0) (1
,1
,9
,2
)

(1
,0
,−
1
5
,0
)

(−1
,−2

,−1
6,2

)

(−
1,
−1
,−
21
,1
)

(−
1,
−1
,−
24
,2
)

(−
1
,0
,3
,0
)

(2
,1
,2
2,
3)

(1
,1
,9
,1
)



(h, v) ∈ {(2, 2), (4, 4)}













D(a, b, µ) 0 < a < b gcd(a, b)
S(h, v) Xh Y v Z2 X Y h v

[0, h) × [0, v) S(h, v)
X(h, 0) Y (0, v) Z2

S(h, v)
S(h, v) S(h, v)

D(a, b, µ) ∆
D(a, b, µ) S(h, v)

O Z2 S(h, v) O
(h, v)

S(h, v) Z2

(X, Y ) Z2
[

x
h

]
x h

{
x
h

}

X =
[x

h

]

Y =
[y

v

]

x = hX +
{x

h

}

y = vY +
{y

v

}

D(a, b, µ)

µ ≤ ax− by < µ + a + b



∆

µ ≤ a(hX +
{x

h

}
)− b(vY +

{y

v

}
) < µ + a + b

µ− a
{x

h

}
+ b

{y

v

}
≤ ahX − bvY < µ + a + b− a

{x

h

}
+ b

{y

v

}

A.4

mx =
{x

h

}

my =
{y

v

}

mx my Z A.4

µ−maxx∈Z(amx − bmy) ≤ ahX − bvY < µ + a + b−minx∈Z(amx − bmy)

amx − bmy minx∈Z(amx − bmy)
maxx∈Z(amx − bmy)

amx − bmy :

A.5

0 ≤ mx ≤ h− 1

0 ≤ my ≤ v − 1

A.6 ∆

− b(v − 1) ≤ amx − bmy ≤ a(h− 1)

µ− a(h− 1) ≤ ahX − bvY < µ + a + b + b(v − 1)

ahX − bvY g = gcd(ah, bv)

A.6
ah

g
p1

bv

g
p2

mx my A.5 amx − bmy

x Z
amx − bmy −b(v − 1) a(h − 1)

A.5

x = kh + mx , k ∈ Z
y = lv + my , l ∈ Z



A.3

µ ≤ ax− by ⇒ µ ≤ a(kh + mx)− b(lv + my)

⇒ µ− akh + blv ≤ amx − bmy

ax− by < µ + a + b ⇒ a(kh + mx)− b(lv + my) ≤ µ + a + b

⇒ amx − bmy < µ + a + b− akh + blv

µ− akh + blv ≤ amx − bmy < µ + a + b− akh + blv

kah− lbv g = gcd(ah, bv)
ah = p11g p11 ∈ Z bv = p22g p22 ∈ Z

⇒ kah = kp11 lbv = lp22g
⇒ kah− lbv = kp11g − lp22g = (kp11 − lp22)g = tg

kah− lbv = tg , t ∈ Z

A.10

µ− tg ≤ amx − bmy < µ + a + b− tg, t ∈ Z

A.12 (a, b)
t ∈ Z Dt Dt (mx, my)
[0, h) × [0, v) (mx, my)

amx − bmy

(nx, ny) Dt ∩ [0, h) × [0, v)
amx − bmy

anx − bny = max(mx,my)∈Dt∩[0,h)×[0,v)(amx − bmy)
d amx − bmy (h− 1, 0)

(nx, ny)

µ− tg ≤ amx − bmy ≤ µ + a + b− tg − 1

amx − bmy µ− tg µ + a + b− tg − 1

d = a(h− 1)− (anx − bny)



  1    2     3    4    5

       0

1

2

3

4

5

0

mx my

5 − 6t ≤ 2mx − 3my < 10 − 6t
[0, 6)× [0, 6) (mx, my)

t A.14 (nx, ny)
d A.14

d = a(h− 1)− (µ + a + b− tg − 1)

= ah− a− µ− a− b + tg + 1

= (p1 + t)g − (µ + 2a + b− 1).

d = 0 (nx, ny) = (h− 1, 0)

(p1 + t)g − (µ + 2a + b− 1) = 0

p1 + t−
(

µ + 2a + b− 1

g

)
= 0

t = −p1 +

(
µ + 2a + b− 1

g

)

t = −p1 +
1

g

([
µ + 2a + b− 1

g

]
g +

{
µ + 2a + b− 1

g

})

t = −p1 +

[
µ + 2a + b− 1

g

]
+

{
µ + 2a + b− 1

g

}

g

t = −p1 + Q2 +
R2

g
,

Q2 =
[

µ+2a+b−1
g

]
R2 =

{
µ+2a+b−1

g

}

R2



g µ + 2a + b− 1 A.15

t = −p1 + Q2

A.6

ahX − bvY ≥ µ−maxx∈Z(amx − bmy)

≥ µ− (µ + a + b− tg − 1)

≥ µ− µ− a− b + tg + 1

≥ tg − a− b + 1

≥ (−p1 + Q2)g − a− b + 1

ahX

g
− bvY

g
≥ −p1 + Q2 −

a + b− 1

g

a b g

[
a + b− 1

g

]

a + b − 1 g

{
a + b− 1

g

}

a + b− 1 = g

[
a + b− 1

g

]
+

{
a + b− 1

g

}

α =
ah

g
β =

bv

g
A.16

αX − βY ≥ −p1 + Q2 −Q1 −
R1

g

Q1 =
[

a+b−1
g

]
R1 =

{
a+b−1

g

}

a+b−1 g g A.17

αX − βY ≥ −p1 + Q2 −Q1

g µ + 2a + b− 1 A.15

t = −p1 + Q2 +
R2

g



A.6

ahX − bvY ≥ tg − a− b + 1

≥
(
−p1 + Q2 +

R2

g

)
g − a− b + 1

αX − βY ≥ −p1 + Q2 +
R2

g
− a + b− 1

g

≥ −p1 + Q2 −Q1 +
R2

g
− R1

g

R2 R1

R1 R2

• R2 ≤ R1

αX + βY ≥ −p1 + Q2 −Q1

• R2 > R1

αX + βY ≥ −p1 + Q2 −Q1 + 1

amx− bmy

Dt ∩ [0, h)× [0, v) (n′x, n
′
y)

an
′
x − bn

′
y min(mx,my)∈Dt∩[0,h)×[0,v)(amx − bmy)

d′ amx − bmy (0, v− 1)
(n

′
x, n

′
y)

d′ = −b(v − 1)− (an
′

x − bn
′

y)

t A.21 (n′x, n
′
y)

d′ A.21

d′ = −b(v − 1)− (µ− tg)

= (µ + 2a + b− 1) + tg − bv − (2µ + 2a− 1)

d′ = 0 (n′x, n
′
y) = (0, v − 1)

t = −
(

µ + 2a + b− 1

g

)
+

(
2µ + 2a− 1

g

)
+

bv

g

= −Q2 −
R2

g
+

(
2µ + 2a− 1

g

)
+

bv

g

R2



g µ + 2a + b− 1 A.22

t = p2 −Q2 +

(
2µ + 2a− 1

g

)

A.6

ahX − bvY < µ + a + b− (µ− tg)

< tg + a + b

< p2g −Q2g + 2µ + 2a− 1 + a + b

< p2g −Q2g + 2µ + 3a + b− 1

g

αX − βY < p2 −Q2 + Q3 +
R3

g

Q3 =
[

2µ+3a+b−1
g

]
R3 =

{
2µ+3a+b−1

g

}

R3

g 2µ + 3a + b− 1 A.23

αX − βY < p2 + Q3 −Q2

g 2µ + 3a + b− 1 A.23

αX − βY < p2 + Q3 −Q2 + 1

g µ + 2a + b− 1 A.22

t = p2 −
[
µ + 2a + b− 1

g

]
−

{
µ + 2a + b− 1

g

}

g
+

(
2µ + 2a− 1

g

)

A.14

ahX − bvY < µ + a + b− (µ− tg)

< tg + a + b

< p2g −Q2g −R2 + 2µ + 3a + b− 1

µ a b g

[
2µ + 3a + b− 1

g

]

µ + 3a + b − 1 g

{
2µ + 3a + b− 1

g

}



2µ + 3a + b− 1 = g

[
2µ + 3a + b− 1

g

]
+

{
2µ + 3a + b− 1

g

}

α =
ah

g
β =

bv

g
A.26

αX − βY < p2 + Q3 −Q2 +
R3

g
− R2

g

R3 R2

R2 R3

• R3 ≤ R2

αX − βY < p2 + Q3 −Q2

• R3 > R2

αX − βY < p2 + Q3 −Q2 + 1

Qk =

{[
(k − 1)µ + k(a + b)− 1

g

]
, k = 1, 2, 3

}

R1 R2 R3 αX + βY
αX − βY

A.18 A.19 A.20
A.24 A.25 A.27 A.28 αX − βY

∆ S(h, v)
D(a, b, µ) Z2

− p1 + Q′
2 −Q′

1 + SI ≤ αX − βY < p2 + Q′
3 −Q′

2 + SS

α = p1 = ah
g β = p2 = bv

g g = gcd(ah, bv)

Q′
k =

{[
(k−1)µ+ka+b−1

g

]
, k = 1, 2, 3

}
R′

k =
{{

(k−1)µ+ka+b−1
g

}
, k = 1, 2, 3

}

SI =

{
0 if R′

2 ≤ R′
1

1
SS =

{
0 if R′

3 ≤ R′
2

1

D(3, 5,−2) −2 ≤ 3x− 5y < 6

(4, 4) (3, 5)
D(3, 5,−2)



Standard Digital Line

Covering Of Standard Digital Line

D(3, 5,−2) S(4, 4) : −2 ≤ 3X − 5Y < 6

Covering Of Standard Digital Line

Standard Digital Line

D(3, 5,−2) S(3, 4) : −8 ≤ 9X − 20Y < 21
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