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Abstract

The classical problem of discrete structure recognition is revisited in this paper. We focus on pieces
of naive lines and, more generally, naive arithmetic hyperplanes, and present a new approach to
recognising these discrete structures based on the Stern-Brocot tree. The algorithm for pieces of lines
in dimension 2 proposes an alternative method to the state of the art, by proposing an efficient
algorithm for any set, not necessarily connected. We also give an adaptation, in the connected case,
which achieves linear complexity and keeps an incremental behaviour for the segments. While most
of the concepts can be generalised to planes in dimension 3 and hyperplanes in higher dimensions,
certain points in the management of the descent in the Stern-Brocot tree merit further study. The
proposed algorithm calculates separating chords characterising the membership of planes to cones
generated by the branch of the Stern-Brocot tree. This generalisation shows the close link between
arithmetic hyperplanes and the generalised Stern-Brocot tree, opens up interesting prospects for
recognising pieces of arithmetic hyperplanes but still suffers from certain limitations. However, beyond
the recognition problem, which has already been well studied in the field, the main contribution of this
article lies in the link it creates between generalisation of the Stern-Brocot tree and the combinatorial
structure of arithmetic hyperplanes. Finally, we propose a geometric interpretation of separating
chords and an interpretation of plane probing algorithms in the Stern-Brocot tree, showing both the
links and the differences with our approach.
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1 Introduction problem is to decide, given a finite subset S of Z¢,
whether S is a piece of arithmetic hyperplane and,

if so, to compute its minimal parameters.
Discrete geometry is concerned with various struc-

tures of the digital space Z¢. This article is an In dimension 2, the problem of naive discrete
extension f)f [17] and focu.ses on dls.cret.e lines, in- segment recognition was first treated from the
troduced in [24] and their generalisation to any point of view of symbolic dynamics and the study

dimension d as arithmetic hyperplanes [1]. Our



of Sturmian words: among others, see [14] for the
initial article, [3] for a review of the links between
discrete geometry and symbolic dynamics, [13] for
a resolution of this problem via desubstitutions. A
history of the discrete segment recognition prob-
lem can be found in [16]. In the nineties, automata
were a popular way of recognising if a chaincode
was a discrete line segment (e.g. [11] and the com-
prehensive historical notes in [6]). The arithmetic
definition of a discrete line was introduced by J.-P.
Réveilles in 1991 in [24]. This arithmetic defini-
tion and the geometric structure of the segments
were used to obtain the incremental and linear
discrete line recognition algorithm presented by I.
Debled-Rennesson and J.-P. Réveilles in [10].

While the hyperplane recognition problem is
largely solved for segments in dimension 2, the
problem remains difficult in dimensions 3 and
higher. In dimension 3, numerous studies of dis-
crete planes have been carried out using different
approaches (see the overview [4]). A generalisa-
tion of I. Debled-Rennesson’s 2D algorithm was
presented in 1994 in [12, 23], but the algorithm,
restricted to pieces of rectangular planes, loses
simplicity and the number of cases to process
rapidly explodes. In 2002, L. Buzer presented in
PhD thesis [7], in fixed dimension, a linear method
for recognising a piece of arithmetic hyperplane,
without however returning the minimal parame-
ters. In 2005, the algorithm of Y. Gerard et al.
[15] also solves the recognition problem for any
finite set of points and in any dimension, using
the properties of the convex hull of the chords
space. However, the algorithm announces a high
complexity for dimension 3 and does not guaran-
tee to obtain the minimal parameters. In 2007,
in PhD thesis [13], T. Fernique proposed an infi-
nite hyperplane recognition algorithm using word
combinatorics and the notion of desubstitution. In
2008, the COBA algorithm ([8]) proposed a lin-
ear optimisation approach to the problem. This
method provides a quasi-linear algorithm, but
does not provide the minimal parameters of the
hyperplane. In a different way, a series of arti-
cles has been written on plane probing ([19] for
the first version), which analyses the local lin-
ear geometry of a digital set known only through
an oracle. While it returns the exact characteris-
tics on an infinite plane, it does not decide if the
set is a piece of hyperplane but rather outputs a

kind of best local linear approximation. Finally, in
2022, S. Barbieri and S. Labbé proposed in [2] a
characterisation of Sturmian configurations in any
dimension, an approach to arithmetic hyperplanes
using word combinatorics.

In dimension 2, we propose another algorithm
for recognising a piece of discrete line based on
the Stern-Brocot tree (introduced in [25] and [5]).
By taking into account the chords of the piece, we
can then go down the tree until we find the slope
corresponding to its minimal parameters. While
I. Debled-Rennesson’s segment recognition algo-
rithm can be interpreted as a descent into the tree
(see [9] and [26]), the algorithm proposed in this
article differs. It works indeed for any pieces of
line, not necessarily connected. For line segments
(i.e. a connected piece of discrete line), it can be
improved to reach the optimal linear complexity
while retaining its incremental feature.

This approach to recognition by a descent in
the Stern-Brocot tree can also be extended to
higher dimensions, by noticing that H. Lenner-
stad generalises the Stern-Brocot tree to any finite
dimension d [21]. We introduce here the notion
of separating chord, which is used to determine
the branch of descent in the tree, correspond-
ing to a location of the normal vector of the
plane to be recognised. Each step of the algo-
rithm now requires (g) tests to determine in which
of the d! branches to continue the search. The
proposed method recognises discrete hyperplanes
and opens up interesting prospects for recognising
pieces of discrete planes. We then propose a geo-
metric interpretation of the separating chords and
a combinatorial study of them. The separating
chords approach unfortunately suffers from cer-
tain limitations, the main one being the detection
of these chords, particularly in very small pieces of
plane. We describe the problems encountered by
this approach at the end of section 5 and present
counter-examples to the good behaviour of the al-
gorithm in pathological cases. Finally, we show
how to interpret plane probing algorithms, and in
particular the H-algorithm [18], as a splitting of
the Stern-Brocot tree.



2 Discrete lines

We are working in R? with its canonical scalar
product (-,-), and in this section we take d = 2.
In 1991, J.-P. Réveilles defined the concept of
a discrete line in [24]. We are interested here in
a version of the naive discrete line where the
thickness parameter is fixed to guarantee good
combinatorial and topological properties:

Definition 2.1 (Naive discrete line (Figure 1)).
Let a,b, u € R with (a,b) # (0,0). The naive dis—
crete line with slope § (we agree that a slope < s

a vertical slope) and shift u is the set D(a,b, ) = af

{(z,y) € ZQ|0<a$*by+u<||(a,b)||oo}'

1]

Figure 1 A naive line of parameters (4,11,7) and the
support lines surrounding it. The point at bottom left is
(0,0).

Definition 2.2 (8-neighbourhood/Naive seg-
ments). We say that 2 points p,q € Z° are
8-neighbours iff |[p—qll,, = 1. A set A C Z?
is then 8-connected iff every pair of points of A
is connected by a path for the 8-neighborhood. A
naive segment is an 8-connected part of a naive
line.

Note that the definition of J.-P. Réveilles
imposes a strict inequality on the right in the def-
inition of a naive discrete line because the space is
then naturally partitioned into naive lines. Naive
lines are 8-connected and minimise thickness for
this property, so they are widely used in discrete
geometry. The terms « naive » and « 8-connected
» will be omitted here for convenience. We can
also be interested in any pieces of naive lines, not
necessarily connected:

Definition 2.3 (Piece of line (Figure 2)). Let
S C Z? finite. We say that S is a piece of naive

line iff there exists a,b,u € R and such that
S C D(a,b, ).

o=

Figure 2 Points at bottom left are (0,0). Left: a piece
of naive line. Right: a set that is not a piece of naive line.

In Figure 2, the set on the left is a piece of
line because it admits (4,7,11) as parameters.
The set S on the right is not a right-hand piece
because it is not H-convex, i.e. it does not sat-
isfy Conv(S) N Z% = S. Given a finite piece of
discrete line S, there are infinitely many param-
eters a,b,u such that S C D(a,b,p). In fact,
the set of parameters (a,b, ) suitable for S is a
non-empty interior R? polyhedron because the
property S C D(a,b, ) can be written as a set
of linear constraints. For example, the piece at
the left in Figure 2 (where the bottom left-hand
end is (0,0)) admits the parameters (4,11,7), but
also (5,14, 10) or (v/13,10,72). In order to obtain
canonical parameters, we define the notion of
minimal parameters of a finite piece of discrete
line.

Definition 2.4 (Minimal parameters). Let S
be a finite piece of line. We call the minimal

parameters of S the integers a, b, pu that minimise
l(a,b)| o, such that S C D(a,b, ).

Problem 2.5 (Piece of line recognition). The
problem of piece of line recognition is then to de-
cide, given a set S C Z2, whether or not S is a
piece of line and, if so, to calculate the minimal
parameters of S.

If S is connected (i.e. is a segment), the
recognition algorithm of I. Debled-Rennesson
and J.-P. Réveilles, presented in [9], is linear in
|S| and incremental, in the sense that adding a
point updates the parameters of the segment in
O(1). In particular, the algorithm is based on the
notion of leaning point:

Definition 2.6 (Leaning points (Figure 3)). Let
S be a piece of naive discrete line with minimal
parameters (a,b, ) and p = (x,y) a point of S.



We say that p is a lower (resp. upper) leaning
point of S iff ax — by + p = |[(a,b)||, — 1 (resp.
ar —by+pu=0).

loo

Figure 3 Representation of the lower (in red) and upper
(in green) leaning points of a naive line with slope 1/4.

3 Recognition using the
Stern-Brocot tree

3.1 Stern-Brocot tree

Our segment recognition algorithm is based on a
descent into the Stern-Brocot tree, first presented
in [25] and [5]. This tree lists all positive irre-
ducible fractions and presents them in the form of
a binary search tree (see Figure 4).

We define the Stern-Brocot tree B,, truncated
at level n by recurrence on n :

e By consists of 2 nodes labelled % and % called
inputs.

e given a truncated tree B,,, we list all the frac-
tions it contains using the prefix depth path.

Between 2 fractions § and 3, we insert into the

. def
a c ¢ a+tc
tree the fraction § © ¢ = 5.

Let us build the tree in Figure 4. Initially, we start
with the nodes % and % From these 2 fractions, we
construct their sum % D % = % which we place in
the middle of the 2. The list of fractions considered
is then, in order [, 1, %1] Between ¢ and 1 (so
as the left-hand child of ), we insert the fraction
% &) % = % Similarly, the fraction ]ll &) % = %
is inserted as the right-hand child of . The new
list of fractions is [%, %, %, %, % . To build the next
stage, we insert the fraction 3 between % and %
(i.e. as a left-hand child of 1), and so on.

Remark 3.1. This addition of fractions is actu-
ally the addition of the pairs (a,b) and (c,d). The
irreducible fraction § and the pair (a,b) will later
be blithely confused.

Theorem 3.2 (Stern-Brocot [25, 5]). The Stern-
Brocot tree, i.e. the union of (Bn)nen, contains
exactly once each irreducible fraction of Q.

3.2 General algorithm for
recognising a piece of line

Given a digital subset S of Z?2, the principle of
the algorithm is then to find the slope a/b of
the piece S in the Stern-Brocot tree. By symme-
try and translation, we can always assume that
S lies in the first octant (i.e. verifies 0 < a < b)
and has (0,0) as its minimum abscissa point. We
first propose a general version of the algorithm
for arbitrary pieces, before optimising it for dis-
crete connected line segments. We search for an

admissible slope 7 in the Stern-Brocot tree.

Given a slope ¢, we can easily test whether it is
suitable for a piece S. We start by calculating the

set of remainders R %' {ax —by | (x,y) € S}. The
slope ¢ is admissible iff there exists u € Z such
that R+p C [0,b — 1], i.e. iff max(R) —min(R) <
b. In this case, we also obtain u = —min(R) as
a solution. We can therefore test in linear time in
O(|S]) whether some slope 7 is suitable and, if so,
return a suitable p shift.

When the slope ¢ considered is not suitable
for S, we go down the Stern-Brocot tree and it is
therefore necessary to decide whether to go left or
right, i.e. to decrease or increase the slope. To do
this, we look at a minimum remainder point puyin
and a maximum remainder point py... Note that
Pmin and pmax are not necessarily unique, but we
show in the invariant proof of the algorithm that
the choice of pmin and pmax does not change the
correction and the complexity of the algorithm.
The proof of the invariant shows that the rela-
tive position of a minimum point and a maximum
point depends only on the sign of the difference
between the current slope of the algorithm and
a suitable slope of the piece. The algorithm then
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Figure 4 Illustration of Stern-Brocot tree, truncated at depth 4.

decreases the slope if ppin is to the left of pyax
and increases it if ppi, is to the right of ppax.-
Intuitively, decreasing the slope decreases the re-
mainder of the points on the right and increases
the remainder of the points on the left. So, when
Pmin 18 to the left of py.x, the difference in scalar
product between these two points decreases. This
method is illustrated on an example in Figure 5
and then formally proven.

Finally, it is necessary to have a stopping
criterion in the case where the set S considered
is not a piece of line. It is known that, if S is a
piece of line, then the minimal parameters of S

are smaller than D ' max ly — x|, called the
z,ye

diameter of S. This can be proved, for example,
using the segment recognition algorithm of [9],
which characterises segments by their leaning
points. We propose here an alternative proof,
based on a study of remainders. The main inter-
est of this proof is that it extends more easily into
higher dimensions than the previous argument.

Theorem 3.3. Let S be a piece of line with min-
imal parameters (a,b,p) and diameter D. Then
D > |[(a,b)]l

Proof. Without loss of generality, we can assume
that S is in the first octant. Thus 0 < a < b.
Should we translate S, we can assume that © =0
and that (0,0) is a lower leaning point of S. The
set § &' {z | (z,y) € S} is called the support of S.
Consider the parents ¢ I L and ‘;—; of ¢ in the Stern-
Brocot tree. Let us call S1 and S5 the pieces of
line with parameters (a1,b1,0) and (as, b2, 0) and

the same support as .S. We will show the supports
on which S and S; coincide, or on which S and S5
def

f -y

coincide. Let us take (x,y) € Z2. Let r =

def
and r; = g—ix — g. Thus,

If (z,y) € S\ S1 with 2 > 0, we have 1 <
0 < r. Since r; is a rational with a denominator
less than bl, we even have r; < — 1 . So il <
|r —r1] = 7=. We can therefore deduce x >b.

If (z,y) € S\ Sy with 2 < 0, we have r <1 <
r1. Since r is a rational with a denominator less
than b, we even have r < 1—%. So % <|r—m|=
ﬁ. From this we deduce x < —b;.

Hence S and S; coincide on the support
[—b1 +1,b—1]. Similarly, we show that S and
S coincide on the support [—b + 1,b — 1]. For S
to coincide with neither S nor Sy, it is therefore
necessary for S to contain :

¢ either b (and 0) ;
e or —b (and 0) ;
e or —b; and bs ;



In all cases, we have found 2 points on the support
of S at a distance b. The diameter D of S therefore
satisfies D > b. O

For example, Let us look at the execution of the
algorithm (see Figure 5) on the segment with pa-
rameters (5,8,3) and length 11. The algorithm
starts with the slope % in the Stern-Brocot tree.
The minimum remainder of —3 is obtained in
Pmin = (9,6) and the maximum remainder of 0
is obtained in ppax = (0,0). The difference in re-
mainders is 3 which is greater than 2 so the slope
is not suitable. AS ppyin is to the right of pyax, we
increase the slope by going down to the right in
the tree to arrive at a slope % For the % slope, the
slope is still not suitable (the difference in remain-
ders is 3 > 3) and puin is to the left of ppax so
the slope is too steep: we move down the left-hand
side of the tree towards g For this new slope, the
difference in remainders is 5 > 5. AS ppyiy iS to the
right of pmax, we increase the slope by going down
to the right towards %. Finally, for %, the differ-
ence in remainders is 7, which is strictly smaller
than 8, so the slope is appropriate. The shift is
then the opposite of the minimum remainder —3,
so the segment parameters are (5,8, 3).
Theorem 3.4. The recognition algorithm above
decides whether a finite set S of the first octant is
a piece of line, returns its minimal parameters if
it is, and then terminates in O(nh) where n = |S|
and h is the depth of the parameters of S in the
Stern-Brocot tree.

Proof. The algorithm terminates because D —
b is a strictly decreasing variable with positive
values.

Correction of returned parameters:
Let us first show that if the algorithm returns
(a,b, ) then a,b,pn are parameters of the seg-
ment S. Suppose the algorithm returns (a,b, p).
If b = 1 then the algorithm has concluded
on a horizontal or diagonal segment, hence
the result. Otherwise, let us call pmin, Pmax
the output of Extremal-remainders(S,a,b).
We then have (pmax — Pmin, (@, —b)) < b
and g4 = — (Pmin,(a,—b)). Let p be a
point of S. By an obvious correction
of  the  Extremal-Remainders  algorithm,

Algorithm 1: General algorithm for
recognising a piece of line
Input: S C Z? in the first octant with
(0,0) as its left extremity
Output: Decide whether S is a piece of
line and, if so, return its
minimal parameters (a,b, p1).

PIECE-RECOGNITION(SS):
if S is horizontal (resp. diagonal) then
| Return (0,1,0) (resp. (1,1,0)) ;

D «+ diameter of S (difference between
maximum and minimum abscissas) ;

slope;s < ¢ (lower limit) ;

slopeg,,, < 1 (upper limit) ;

7 < slope;,¢ @ slopeg,,, (current slope
initially worth 1/2) ;

while b < D do

Pmin, Pmax <
EXTREMAL-REMAINDERS(S, a, b)
(minimum and maximum remainder
points for the a/b slope) ;

if (Pmax — Pmin, (@, =b)) < b (the a/b
slope is suitable) then

WA= = <pmina (a’v _b)> )
Return (a, b, p)

if pmin @s to the left of pmax (the
current slope is too steep) then
‘ slopeg,, < ¢ ;

if pmin @s to the right of pmax (the
current slope is too small) then
| slopey & §

7 < slope;,; @ slope
slope) ;

Return "Not a piece of line" ;

sup (NEW current

Algorithm 2: Extremal remainders

Input: S C Z2, a,b parameters of the
slope tested
Output: pyin, Pmax points of S having
the minimum and maximum
remainders with slope ¢

EXTREMAL-REMAINDERS(S, a, b):

Pmin; Pmax < S[O], S[O] )
for ¢ going from 1 ton — 1 do

p <+ Sl ;

if (p, (a,—b)) < (Pmin, (a,—b)) then
Pmin < D ;

if (p, (a,—b)) > (Pmax, (@, —b)) then
Pmax < D ;

Return Pmin; Pmax 3
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Figure 5 The algorithm runs on the segment with parameters (5,8,3) and length 11. The green lines in the segment

correspond to the successive slopes considered by the algorithm.

<pmin, ((L, _b)> < <p7 ((L, _b)> < <pmax; (av _b)>
Therefore 0(p, (a,—b)) — (Pmax,(a,—b)). <
<pmaxv (av _b)> - <pmin7 ((L, _b)> < b. Then
0 < (p,(a,=b)) + p < |[(a,b)|,,, which proves
that S is a piece of line with parameters (a, b, u).
In particular, if S is not a piece of line, the
algorithm returns ‘Not a segment’.

It remains to show that if S is a piece
of line then the algorithm returns its minimal

(as, bs, ts) parameters. If S is horizontal or diag-
onal, the result is trivial.

Otherwise, we show the following invariant:
slope;,; < ‘;—2 < slopeg,,,. The invariant is true
initially because S is in the first octant and is
neither horizontal nor diagonal. Assuming the in-
variant is true, let us perform an additional loop
for the current slope 7. Let pmin, Pmax be the out-

put of Extremal-remainders(S,a,b) and let 6 =



(x,y) def Pmax — Pmin- Note first of all that, as .S is

in the first octant, the abscissa x of § is non-zero.
Since Pmin = (xminy ymin) and Pmax = (mmaxy ymax)
are points of S, 0 < agTmin —bsYmin+ s < bs and
0 < asTmax — bsYmax + (s < bs. By subtracting
the 2 identities, we deduce —bgs < agr —bsy < bs.
So $2x —y < 1. Furthermore, (d, (a,—b)) > b so
ar —by > b hence fox —y > 1 > g—gac—y. So
x> ‘;—gsc. If £ > 0 (Pmin is to the left of pmax)
then ¢ > ‘;—: SO Z‘—:f < 32 < ¢ which proves the
invariant. If £ < 0 (pmin is to the right of ppax)
then § < 3 so § < §2 < Z:%E which proves
the invariant. This invariant proof also shows that
the choice of ppin and pmax among the minimal
or maximal points does not change the relative
position of pnin with respect to pmax-

End of proof of correction: Once the in-
variant has been proved, note that bg < D by the
theorem 3.3. The fraction Z—g will therefore, by the
invariant, necessarily be visited and the algorithm

will then conclude.

Minimality: finally, let us show by convexity
that the parameters (a,b, 1) returned are indeed
the minimal parameters (ag,bs, pug) of the seg-
ment. Let % be the common ancestor of § and

‘g—; in the Stern-Brocot tree. % is therefore a con-

vex combination of § and §, i.e. <= A%+
)\QZ—? Let (z,y) € S.0 < $z+ 4 —y < 1
and 0 < 3%z + f& —y < 1. Taking the con-
vex combination of the 2 equations, we obtain

0< (M5 + X))o+ (% + 058 -y < L
Thus, by posing u def AME + X242, we obtain
0< %:Q?—F % —y < 1. 8o (a‘,b', ') are parameters
for S. These parameters have been visited by the
algorithm, so (a,b,u) = (a‘,b’, ). Furthermore,
as (a‘, b, ) is an ancestor of (ag,bs, pg), b’ < bg
so, by minimality, (ag, bs, ps) = (a‘, b, ). So the
parameters returned by the algorithm are indeed
minimal.

Complexity: the algorithm moves down the
Stern-Brocot tree at each loop iteration. The num-
ber of loop iterations is therefore O(h). In a loop,
the only costly part is the call to the Remainder-
extreme function, which is an array traversal, so
the cost is O(n). The total complexity is therefore
O(nh). O

Algorithm 3: Extremal remainders

Input: a,b parameters of the slope being
tested, P set of points to be tested
Output: pyin, Pmax points of P having
the minimum and maximum
remainders with slope 7.

EXTREMAL-REMAINDERS2(P, a, b):
Pmins Pmax < first element of P ;

for p in P do
if (p, (a,—b)) < (Pmin, (a,—b)) then
Pmin < D ;
if (p, (a,—b)) > (Pmax, (a, —b)) then
Pmax < D ;

Return pin, Pmax ;

The complexity announced in the correction
theorem depends on the depth of a parameter in
the output 7. It is therefore interesting to eval-
uate the depth of a fraction in the Stern-Brocot
tree. Unfortunately, the fraction % is at depth D
in the tree. Our algorithm therefore has a worst-
case complexity of O(nD) where n is the size of
S and D its diameter. However, if we consider
a uniform distribution over {% |0 < p<gqc<
D,p A g = 1}, the average depth of the fraction
Bisin O(log?(D)) as demonstrated in [27] by an
analysis of the average complexity of Euclid’s al-
gorithm. We then obtain an average complexity
in O(nlog®(D)) for piece of line recognition al-
gorithm. This new algorithm does not reach the
complexity of the COBA algorithm presented in
[8], which is in O(nlog(D)) but, on the other
hand, the COBA algorithm does not return the
minimal parameters of .S.

3.3 An incremental algorithm for
segments

In the case of discrete segments, we can signifi-
cantly improve the complexity of our algorithm
by using an incremental version and the notion of
leaning point. First of all, we can add the points
of the segment one by one and calculate the pa-
rameters of the new segment by starting again
from the old parameters in the Stern-Brocot tree:
the method then becomes incremental. Moreover,
a large part of the complexity of our algorithm
comes from the calculation of the remainders of
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Figure 6 Execution of the incremental algorithm on the segment with parameters (5,8,3) and length 11.

all the points in S. In a segment, however, there
is no interest in calculating the remainders for all
the points. The remainders associated with the ex-
tremal lower and upper leaning points (i.e. with
minimum or maximum abscissa) are in fact suf-
ficient to guarantee that an equation is satisfied
for all the points of the segment (by correction of
the algorithm in [9]). Therefore, at most a con-
stant number of remainders must be calculated in
the Extremal-remainder function at each step: the
call is thus made in O(1) and the total complexity
therefore falls to O(n + h) = O(n).

Let us look at the flow of the algorithm on an
example in Figure 6. The numbers correspond to
the scalar products with the slope, but only the
remainders of the extremal leaning points (in red
and green) are considered by the algorithm. The
magenta point corresponds to the current point,
which is added incrementally to the segment.

The incremental algorithm thus provides an
efficient version of segment recognition using the
Stern-Brocot tree. It has the same complexity as
the segment recognition algorithm presented in



Algorithm 4: Incremental algorithm for
segment recognition

Input: S C Z2, set of points in the first
octant with abscissas indexed
from 0 to n — 1.
Output: Decide whether S is a segment
and, if so, return its minimal
parameters (a, b, u).

INCREMENTAL-RECOGNITION(.S):
1 < 0 (maximum index of points
considered) ;
while the part of the segment under
consideration is horizontal or diagonal
and i <n do
14 1+1;
if ¢ =n then
Return (0, 1,0) or (1,1,0) depending
on whether the piece in question is
horizontal or diagonal. ;
else
test <+ {(0,0), (i —1,0)} or
{(0,0), (i — 1,7 — 1)} either horizontal
or diagonal ;
slope;,¢ + ¥ (lower limit) ;
slopeg,, < 1 (upper limit) ;
7 <« slopey,; © slopeg,,, (current slope
initially worth 1/2) ;
w05
while ¢ < n (the entire segment has not
yet been considered) do
correct <— FALSE (indicates whether
the current slope is suitable) ;

while b < n and not correct do
Pmins Pmax < EXTREMAL-
REMAINDERS2(a, b, test U {S[i]})
(minimum and maximum
remainder points for the a/b
slope) ;
if (Pmax — Pmin, (@, =D)) < b (the
slope a/b is suitable) then
M= = <pmina (a7 _b>> ;
i < i+1 (if the slope is suitable,
move on to the next point);
test +— all the end leaning
points of the segment in
question using a, b, i ;
correct < TRUE ;
if not correct then
if pmin s on the left of pmax
(the current slope is too steep)
then
‘ slopeg,, <
if pin s on the right of pmax
(the current slope is too small)
then
| slopey %
% < slope;,; @ slope
current slope) ;
if not correct and b > n then

| Return ‘Not a segment’
Return a, b,

sup (new
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[9], and is in fact only an interpretation of this
algorithm in the Stern-Brocot tree.

4 Extension to higher
dimensions

4.1 Hyperplane recognition

The notion of a discrete line naturally extends into
higher dimensions, as presented in [1] :
Definition 4.1 (Naive arithmetic hyperplane).
Let v € R? be non-zero and pu € R. The naive
arithmetic (or discrete) hyperplane with normal
vector v and shift u is the set

def
P(v,n) = {z € Z| 0 < (z,0) + p < [Jvll o}

Figure 7 A naive arithmetic plane with normal vector
(7,17,57) and shift 0.

We can also extend the notions of line pieces
and minimal parameters to any finite dimension.
Definition 4.2 (Piece of hyperplane). Let S C
74, We say that S is a piece of hyperplane iff there
exists v € R% and p € R such that S C P(v, ).

Definition 4.3 (Minimal parameters). Let S be
a piece of finite hyperplane. We call the mini-
mal parameters of S the pair (v, p) where v € Z4
and p € Z, such that S C P(v,p) and ||v||, is
manimized.

The hyperplane piece recognition problem is
then to decide, given a finite set S C Z¢, whether



or not S is a hyperplane piece and, if so, to com-
pute its minimal parameters. We refer the reader
to the relevant paragraph in the introduction for
a brief presentation of some methods for solving
this problem. In this section, we present a method
for recognising arithmetic hyperplanes based on
a general Stern-Brocot tree. The interest of this
method is not so much its efficiency compared to
other algorithms in the state of the art, but rather
the combinatorial link between the Stern-Brocot
tree and the arithmetic hyperplanes.

4.2 Stern-Brocot tree extension of
Lennerstad

The Stern-Brocot tree naturally extends into 3D
and higher dimensions, as shown by Lennerstad
[21]. The tree presented here lists the d-tuples of
natural integers that are prime to each other in
their set. Instead of using 2 end points as before,
we use d end points. These points are represented
as a (d —1)-simplex form as follows (illustrated in
Figure 8):

e Initially, the d extremities are the points e; of
the canonical base of Z.

e Given d points with extremities p1,...,pq
(affinely independent in R?~! by induction on
the tree), we construct the (d — 1)-simplex T
with extremities pq, ..., pq-

e Given a permutation o of &4, consider the
sub-simplex I'[o] formed by the points ¢, ..., g4

def
where g; = Z Do (i)

i=1
¢ The children of the simplex I' in the tree are
then the sub-simplexes I'[o] for o € &,.

The first level of the Stern-Brocot tree is shown
in Figure 8 and subsequently in normalised form.
Since two collinear normal vectors represent the
same plane, we can project the vectors v by re-
quiring |lv|l; = 1. Summing a group of vectors is
then geometrically equivalent to considering their
barycentre.

By symmetry, we can assume that the nor-
mal vector v of the piece of hyperplane under
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p2

ml
m3 .
pl m2 P3
(0,1,0)
01,1
(1,1,0) [ )
(1,15)
(1,0,0) (1,0,1)

Figure 8 Top row: a step in the construction of the tree
in dimension 3. The points p1, p2, p3 are the extremities of
the simplex. The points m; represent the points p;1+p;12
(where the indices are taken modulo 3). Point ¢ represents
p1 + p2 + p3. The permutation o such that o(i) = (¢ + 1)
mod 3 then gives the simplex with extremities p, (1) = p2,
Po(1) TPo(2) = P2 +P3 = m1 and py(1) +Ps(2) +Po(3) =
i.e. the coloured triangle p2,m1,c at the top right of the
figure.

Bottom row: an example with initialisation at p; = e;.

study has positive coordinates. The d initial ex-
tremities of the Stern-Brocot tree are then the e;
vectors of the canonical basis. In order to know
whether a current vector v is suitable for the
piece S, we calculate as before the set of remain-

ders B &' {{z,v) | * € S} and check whether
max(R) —min(R) < [|v]|,, . If this is the case, v is

suitable for a shift u Lf_ min(R). Otherwise, we
need to go down one level in the sub-simplexes of
the Stern-Brocot tree. The question is then, given
a node (a d-simplex) of the tree, to determine into
which of the d! subtrees to descend. For the rest of
this paper, we will only consider the case of dimen-
sion 3, as the results obtained can be generalised
without effort to any finite dimension.

(0,0,1)



4.3 Separating chords

In order to choose the good sub-simplex, we define
the notion of separating chord, using the definition
of chord (see Figure 9 for an illustration):
Definition 4.4 (Chord). Let v € Z% and p € Z.
We say that the chord § € Z% appears in the plane
P(v, 1) if and only if there exist x,y € P(v, 1) such
that d =y — x.

Figure 9 Chord in the plane with normal vector
(7,17,57). The plane contains, among others, the chords
(7,0,0) (green), (2,3, —1) (blue) and (6,4, —2) (red). How-
ever, the plane does not contain the chords (0,0,1) or
(0,4,0).

Note that whether or not a chord belongs
to a hyperplane does not depend on the consid-
ered shift u, since the set of finite patterns in a
hyperplane is shift invariant. This property can
also be proved in a more pedestrian way, via Bé-
zout’s theorem or by density. Note also that a
chord § appears in a plane iff —¢ appears in it.
We can therefore confuse the chords § and —6,
which algebraically amounts to quotienting by the
antipodal.

Remark 4.5. A chord § appears in a plane of

normal vector v iff there exist x,y € P(v,u) such

that d =y —x and {0 S {mv)tp< ”UHOO
0<(y,v) +u<vll,

Thus, by subtracting, § appears in a plane with

normal vector v iff [(6,v)| < ||v]| .-

The idea is to determine in which sub-simplex
to go down in the Stern-Brocot tree by using
some very special chords called separating chords.
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These chords define boundaries along the medians
of the triangle as shown in Figure 10 (left).

Definition 4.6 (Separating chords, Figure 10
(top)). Let p1,p2,p3 € N be Stern-Brocot end-

points. We say that a pair (5@,59) separates
(p1,p2,p3) along p; iff for all v € C(p1,p2,p3)
(cone generated by p1,pa2,ps) :

e the chord 5% appears in P(v,u) iff v €
C(pi,mi, pi—1) \ C(pi,m;) (triangle pi,m;, pi—1
deprived of the segment p;, m;).

e the chord 59 appears in Plu,p) iff v €
C(pi, mi, pit1) \ C(pi,ms) (triangle pi,m;,piy1
deprived of the segment p;, m;).

The 5@ and 69 chords are then said to be
separating.

If we have separating chords for each median of
the triangle, it is then possible to locate the posi-
tion of the normal vector v with respect to each of
the medians, and thus to know the Stern-Brocot
sub-simplex into which to descend (see Figure 10
on the bottom).

The separating chords can be found in a simple
way, by expressing the set of constraints they must
satisfy and solving this system of constraints. By
symmetry, we take the case where the vector v has
increasing positive coordinates. Thus, the chord ¢
appears in the plane of normal vector v iff 0 <
[{v,0)| < |[{v,es)]. Given extremities pi, ps, ps, in
order to find a separation for p;, it is sufficient to
impose the following constraints on ((S(f)7 65:)) :

<pz',5(_i)> = (pi>e3)
<mz‘,5(j).> = (my,e3)
<pi—176(_1)> = (pi—1,€e3) — 1
<pi,5(i)> = (pi,es)
<mia5}> = (my,es3)
<pi+1>5$)> = (pi+1,€3) — 1

The first two conditions for each system en-
sure that the limit of appearance of the chords
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ml
m3 .
_|,_ —
pl m2 p3
P2
+ N4+
- - m1l
m3 .
1 +Z
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Figure 10 Top : illustration of a separation along p;. In
the sub-triangles marked —, the plane contains the chord

6(_1) but not the chord 65:). In the triangles marked +, the

plane contains the chord 653) but not the chord 69). On
the green dividing line, neither of the two chords appears.
Bottom : partition of the triangle according to the chords
appearing in the planes. In green, blue and red, the
boundary lines. The signs then correspond to the chords
appearing in the planes of each sub-zone.

5% and 59 is the green line passing through p;
and m; (see Figure 10 (top)). The last condition
ensures that 6(72) appears in the plane of normal

vector p;—1 (resp. 69 in the plane of normal vec-
tor p;+1). The characterisation by equivalence of

the separation (5(_i), 59) then follows immediately
from these observations by convexity. Finally, let
us add that the 2 systems each admit a unique
solution because they have determinant +1 (by
induction on the tree). By separating the zones
according to each p;, we obtain a partition of the
triangle p1, p2, ps into 6 sub-triangles (see Figure
10 on the bottom).
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As for the last constraint <p¢_1,6(_i)>

(pi—1,e3) — 1 which ensures that 5@ belongs to
the plane with normal vector p;_1, it can be made
more flexible by requiring only <pi_1,6(_z)> =
(pi—1,e3) — & for € € [1,2(p;—1,e3) — 1]. We later
show that choosing & = 1 gives the smallest pos-
sible separating chords, which are therefore in
general more relevant.

The separating chords can be used to charac-
terise the membership of the normal vector of the
plane to certain cones. For example, we can look
at those for the Stern-Brocot tree in dimension 2,
with extremities 0 and 1/2 and centre 1/3.

<(Ov 1)75—> = H(Oal)”oo -1

{<(1,3),5+>— 1(1,3)]
((1,2),64) = I(1,2)[lc — 1

After solving the system, we obtain 6_ = (3,0)
and 64 = (3,2). The lines whose slope is between
0 and 1/2 are therefore :

* in the interval [0,1/3] iff they contain the chord
(3,0), i.e. a step of size at least 4 (see Figure 11
on the top) ;

e in the interval |1/3,1/2] iff they contain the
chord (3,2), i.e. a step of size exactly 2 (see
Figure 11 on the bottom) ;

¢ the 1/3 slope is the only one not to contain any
of the 2 chords: the bearings are all exactly 3 in
size (see Figure 11 in the middle).

The Stern-Brocot tree can then be repeated
in dimension 2 with the various separations ob-
tained for the interval [0,1], as in Figure 12. In
general, as we show in their combinatorial study,
the separating chords with respect to the slope

are 0_ = (b,a —1) and 61 = (b,a + 1).
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Figure 11 Three segments, with slopes strictly less than,
equal to and greater than % respectively, and the corre-
sponding separating chords. The figure in the middle has

no separating chord.

4.4 Combinatorial study of
separating chords

The separating chords allow us to characterise
geometrically in an arithmetic hyperplane the po-
sition of its normal vector in the Stern-Brocot
tree. We propose here a geometric interpretation
of these chords, by studying the system used to
calculate them.

Using the previous notation (see Figure 10
(top)), consider a Stern-Brocot triangle with ex-
tremities p1, p2, p3 and middles m; def Pi—1 + Pit1
where ¢ € Z/37. Let us call §_, 1 the chords sep-
arating the triangle along the median [p;, m;]: the
subscripts ¢ on the chords are omitted here for
clarity.

Let us take the system (S_) characterising J_.

<Pi,5—> = <pi7€3>
(S-): g (mi,0-) = (my,es3)
(Pi—1,0-) = <Pi—1,63> S

which is rewritten, each time subtracting the
scalar product on the right,

<pi7 o_ — €3> =0
(S"): < (mi,d_ —e3) = 0
(Pi—1,6- —e3) = —¢

We can see that § = §_ —eg is orthogonal to p;
and m;. So § is proportional to the vector product
pi A m;. The final constraint (p;_1,0) = —{ is a
normalisation constraint. Minimising the norm of
J is equivalent to minimising |[(p;—1,d)| = & The
separating chords are therefore of minimal size for
¢ = 1. Note also that the constraint (p;_1,d) = —1
ensures, by Bézout, that § has coordinates which
are prime between them. We therefore deduce that

i AT
0 = Epgedtpimn NOW
(pi Ami,pit1) = det(pi, mi, pit1)
= det(pi, pi—1 + Pit1, Pit1)
= det(ps, pi—1,pit1) = £1
Therefore, by Bézout, p; A m; has ged 1 from
which 6 = +(p; Am;). The vector ¢ thus obtained

is therefore the common direction vector for all
planes of normal vectors v on the median [p;, m;].

Let us now look at the system characterising
the §; chord. Since the notion of a chord is an-
tipodal invariant, we can look at the opposite of
this system.

(pi,0+) = —(pises)
(mi,64) = —(my,es)
(Pit1,04) = & — (Dit1,e€3)

(54) :

which is rewritten, each time adding the scalar
product on the right,

(pi, 04 + e3)
(my, 04 + e3)
(Pit1,04 +e3) =

0
(5) 0
3

Subtracting line 3 from line 2 gives us

|
o

(pi, 64 +e3)
<mi,5++€3> =0
(Pi—1,04 +e3) = =€



Figure 12 Stern-Brocot tree labelled by separating chords

Comparing with the (S_) system, we obtain
that 01 +e3 = d_ —e3 = J. The separating chords
therefore have a simple geometric interpretation
in terms of the director vectors of the arithmetic
hyperplane.

5 All-dimensional recognition
algorithm

Using the separating chords, we are now able to
go down the Stern-Brocot tree. We thus derive an
algorithm for recognising pieces of hyperplanes in
any dimension. The algorithm below is presented
in dimension 3 to simplify understanding, but can
be extended without difficulty to any finite di-
mension. By symmetry, we return to the study of
the pieces included in the first 48th of space, i.e.
those admitting a normal vector with increasing
positive coordinates.

Before looking at the tricky points of the al-
gorithm (in red), Let us look at 2 executions
of it on pieces of square planes with parame-
ters v = (4,7,11),u = 2,size 12 and v =
(7,8,10),p = 8,size = 10 in Figure 13 and 14.
Note that the algorithm can also be applied to any
piece of plan, not necessarily rectangular or con-
nected. The detected chords are indicated in the
plane. The sub-triangle to descend to is indicated
by a point in the plane. In the second example,
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the chords (7, —10,4) and (9, —9,0) belong to the
whole P(v, ) plane but not to the piece shown,
which is too small for this. The algorithm there-
fore fails and returns ‘Inconsistency in the chords’,
even though the piece is indeed that of a plane.
Finally, the algorithm may only detect 2 chords
and no third: this means that there is a dividing
line and that there are 2 possible sub-triangles.
In this case, the algorithm has found a first direc-
tion vector of the v+ network. We then have two
options:

e you can ignore this information and choose one

of the 2 sub-triangles. This option simplifies the
writing of the algorithm but is less efficient;

e we can keep the first direction vector and per-

form a Stern-Brocot in dimension 2 on the
median concerned. This option is more respect-
ful of the geometry of the plane but can be more
technical to deal with in proofs.

Our algorithm has a few tricky points that
need to be explained in detail.

In its current version, the algorithm necessar-
ily stops, either because it reaches the parameters
of the plane under consideration, or because the
separating chords it has to deal with lead to in-
consistency. Unfortunately, it can happen that the
separating chords are so large that they leave the
part of the plane under consideration. The ‘While’
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Figure 13 Run of the algorithm on the piece of square plane with normal vector (4,7, 11), shift 2 and size 12. The algorithm

returns the correct result.
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2,2,3)
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Figure 14 The algorithm runs on the piece of square plane with normal vector (7,8, 10), shift 2 and size 10. The algorithm
detects an inconsistency in the chords because the piece is too small.

stopping condition deserves a simple bound on the
coordinates of v. In dimension 2, the theorem 3.3
ensures that [|v]| is bounded by the diameter of
S. In dimension 3, the leaning points algorithm
presented in [23] is used to obtain a bound for
rectangular pieces of plane. Finally, the simplex
algorithm used in [8] is used to obtain a bound in
the general case, but much larger. This part of our
algorithm is therefore easy to modify, by adding
a bound on ||v]| .
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Detecting chords in a finite set is much more
problematic. First of all, the naive method is any-
thing but optimal (all pairs of points are tested).
However, this step can be improved by taking into
account only the leaning points of each level (zone
of constant z height), thus bringing us back to
a constant number of points per level. However,
after a certain stage, the chords under consider-
ation force us to leave the piece S. We therefore
observe the same problem as with plane probing
algorithms (see [19] for the first version). Gener-
ally speaking, the deeper the algorithm dives into
the Stern-Brocot tree, the larger the separating



(0,1,1)

1.1,1)
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(0,0,1)
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Figure 15 Illustration of pieces, for n = 3 and n = 10, of vector v = (n,2n,3n + 1), shift © = 0 and sizes n + 2 (left)
and n 4 5 in the centre. The red lines correspond to the plane level limits. The lower leaning points of the plane are shown

def
in green. On the left, the chord ¢ = (1,-2,0) is not detected because the piece is too small. In the centre, this chord
finally appears (in magenta). On the right, we represent the vector v (blue dot) at the first step of the Stern-Brocot tree.
Its proximity to the green median, separated by §, means that very large chunks have to be considered when descending.

chords become and the greater the risk of them
leaving the study space. When the algorithm re-
turns ‘Inconsistency in the chords’, there are two
possible outcomes:

¢ the piece under consideration is not a piece of
plane. Such an entry inevitably leads to the
set of separating chords that appear in the
plane not having an associated sub-triangle (see
Figure 10 (bottom)), hence the inconsistency.

¢ the piece under consideration is indeed a piece
of plane but is too small for certain separat-
ing chords to appear on the piece. The chord
inconsistency detected simply means that the
algorithm cannot conclude without considering
more points.

Note that, on a sufficiently large piece of plane
(a fortiori on an infinite plane), the second case
mentioned cannot occur. Therefore, the reference
‘Incoherence in the chords’ implies that the input
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is not a plane. However, the ‘large enough’ char-
acter is difficult to quantify without knowing in
advance the vector v of the minimal parameters
of the hyperplane. In fact, there are arbitrarily
large pieces of planes that lead the algorithm to
fail in its first stage. For example, if we take
v =(n,2n,3n+ 1) and p = 0 for n € N*, and
consider a square piece S of size n + 2 (see Figure
15), we reach a deadlock as early as the triangle of
increasing Stern-Brocot coordinates. To move on
to the next stage, the algorithm should detect the
chord (1, —2,0) which is separating the green me-
dian linking (0,1,1) and (1,1, 2). However, as the
vector v is too close to this median, the § chord
(which amounts to being able to make a vertical
displacement of a rider on the same landing) only
appears for large chunk sizes.

The set of solution parameters of the prob-
lem forms a convex. In dimension 2, this property
demonstrates that the algorithm will necessarily
stop at the minimal parameters, and that there is



Figure 16 Example of a rectangular piece P((1,4, —7),
medians of the Stern-Brocot triangle

uniqueness of the descent branch in the algorithm.
In dimension 3, a convex may not intersect any
remarkable point of the triangle and may straddle
several zones. There are therefore configurations
where the zone to be chosen for descent is not
unique. This problem is illustrated in Figure 16.
Consider the piece S of the plane P((1,4,—7),0)
with support [0, 1] x [0,5]. The set of admissible
vectors for S is indicated by a small black trian-
gle straddling 3 zones. In particular, no separating
chord can be detected for either the blue or the
red median. However, this problem can be avoided
by enlarging the area sufficiently.

6 Relation with plane
probing algorithms

The algorithm proposed above for recognising
pieces of digital plane shares some similarities
with plane probing algorithms in 3D (see [19] for
the first plane probing algorithm). Plane probing
algorithms have proved to be useful for deter-
mining the exact characteristics of a given digital
plane, but may also be used for analysing locally
the linear geometry of digital shapes (e.g. see [20]).
The input of plane probing algorithms is slightly
different from our algorithm. Instead of consider-
ing a set of integer points, they assume to have a
starting reference frame (an initial cube with one
corner inside and one corner outside the shape)
and an oracle answering the question 'is some

.. 0.1,2)

(0,1,1)

(1.2,2)

(1,1.1)

(0,0,1) (1,1,2)

) where the set of solutions (black open triangle) intersects two
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point in the plane/shape 7". The output is either
the exact characteristics of the digital plane or an
approximation of the local tangent plane of the
shape.

More specifically we study first the relation
between the H-algorithm [18] and our proposed
algorithm, since we demonstrate here that the H-
algorithm can also be interpreted as a descent in
the 3D Stern-Brocot tree. Let us briefly sum up
the H-algorithm.

Relation with H-algorithm. We assume here
that the H-algorithm analyse a standard digital
plane P with normal vector N and null shift, i.e.

def{ € 7% 0 < (z,N) < |[N||,}. Notations
are illustrated on Flgure 17 made from a program
by Tristan Roussillon. Point p e (0,0,0) is then a
lower leaning point to P (and belongs to P) while

point ¢ = (1 1,1) is just exterior to P (since
(¢, N) = ||N l;). The algorithm evolves through
iterations a triangle T" with vertices t1, to,t3, all
belonging to P and initialised with the canonical
basis: Vi € Z/3Z,v; def e;. From now on, to sim-
plify the exposition, we write Zz for Z/37Z (the
3 possible indices, taken modulo 3). We also set
Vi € Zs3, u; d:ef q—t; and d; d:ef tiv1—Ti = Ui —Ujy1.

The normal vector to the plane P is estimated
from the normal vector to the triangle T". There-
fore, at each iteration, the estimated normal is

N(T) L g A diy1 (for an arbitrary ¢ € Zs).



Algorithm 5: Plane recognition

Input: S C Z3 finite in the first 48th of
space
Output: Decides whether S is a discrete
plane and, if so, returns
parameters corresponding to a
plane containing it

PLANE-RECOGNITION(S):
P1,D2,P3 < (Oa 0, 1)7 (07 1, 1)) (1a 1, 1)
(extremities) ;
while TRUE do
my, M2, M3, C <
P2 +p3,P1 + P3,P1 + P2,p1 + P2+ P3
(middle and central points) ;
for v € {my, ma, ms,c} (test of the
different points of the triangle) do
(pmin7pmax) —
EXTREMAL-REMAINDERS(S, v) ;
if <pmax _pmin7v> < ||v||oo then
M — = <pminav> 3

Return v, o
Calculate the separations ((5@, (59) for
each p;. ;

See which chords appear in S ;
if the chords observed are incoherent
(according to Figure 10 (bottom))
then
Return ‘Inconsistency in the

chords’ . .
Choose the sub-triangle corresponding

to the observed chords (according to
Figure 10 (bottom)) and update

P1,P2,P3.

Algorithm 6: Extremal-remainders
Input: S C Z3 finite, v € Z3
Output: Calculate the minimum and

maximum remainders of the
points of S according to v.

EXTREMAL-REMAINDERS(S, v) :
Pmin, Pmax < first element of S ;
for p in S do
if <p’ U> < <pmin,'U> then
‘ Pmin < P
if <p’ U> > <pmaX7'U> then
‘ Pmax < D
Return Pmin; Pmax 3
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Last, we define the three normal vectors v; to the
triangles (q,t;+1,tit2), SO V; def Uit AUjro. An in-
variant of the algorithm is that the normal vector
N to the plane P belongs to the cone generated
by the three vectors v;.

The main idea of the H-algorithm is to up-
date the triangle T one vertex at a time, i.e. some
extremity ty of T is moved to a new location ¢'.
A constraint is that the new location ¢’ must still
belong to P, while the way this location is chosen
ensures that the triangle is moved closer to the
upper leaning plane of P. Progressively the trian-
gle T advances to the upper limit of P and hence
becomes parallel to it.

Concretely, the point ¢’ is chosen within the

set g + Vg def {¢ £ d;}jez, (whose shape forms
an hexagon, hence the name of H-algorithm), and
must also belong to P. The algorithm tests which
points of ¢ + Vg are also in P, using the oracle.
When the set (¢ + Vg) NP is empty, the triangle
T form an affine network of upper leaning points
to P and N(T') is the sought normal N (in case of
recognising an infinite rational plane). Otherwise
we consider some point of (¢ + Vg ) NP. This new
point ¢’ (say) has either the form ¢+d; = ¢+1t; —
tj+1 =t; +u;41 (so we move t; to t') or the form
Q7dj = q+tj+1 7tj = tj+1 +Uj (SO we move t]‘+1
to t'). It follows there exists j € Zs, k € Z3,j # k
with #), = tj, + ;.

Without loss of generality, we perform com-
putations when & = 1 and ;7 = 2 (computa-
tions are similar for other values). The algorithm
replaces v; with v while keeping the other ex-
tremeties. The new triangle T’ has thus the ver-
tices (t],t5,t5) o (t1 + ug,ta,t3). Other vectors
are modified as follows:

; def

Uy =gty =q -t —uy=u — up
uy E g —th=q—ty=uy
uy E g —th=q—ts =us
vl Al = s Aug = 1y
; def

!/ /
vy = ug Auj =usz A (up —ug) =va + 11

def
/ ! !/
vy = uy Auy = (up —ug) Aug = s



Initialisation

After step 2

After step 3 (end)

Figure 17 Illustration of plane probing H-algorithm: notations and evolution on a plane with normal (2,3, 4). The algo-
rithm is initialised in a corner of the plane (a lower leaning point drawn as filled red disk). The outer diagonal point is just
outside the plane (denoted g in the text) and is an invariant of the H-algorithm. The initial triangle (tot1t2) is set at the
tips of the corner, with ascending vectors u; := g — t;, i € Z3. Vectors d; := t;41 — t; are drawn in blue. The three normal
vectors v; to the triangles (g,t;4+1,%i+2) are drawn in black. The hexagon of points ¢ + Vy tested by the H-algorithm is
drawn in magenta. At each iteration, a point is chosen among this hexagon to replace some vertex t;, this point must also
belong to the plane (filled magenta disk). The algorithm stops when every point of the hexagon is outside the plane (see
last step). Note how the cone of black arrows tends toward the exact normal vector of the plane.

The triangle (vq,v9,v3) where the exact normal
is lying is thus transformed into the smaller tri-
angle (11,11 + va,v3) (see Figure 19, left side). It
is thus clear that the H-algorithm splits the tri-
angle in two along a median line, similarly to our
proposed algorithm where each chord splits the
Stern-Brocot triangle tree along a median line.
However it does not follow exactly the same de-
scent since our algorithm extracts one of the six
sub-triangles leaning to the median point. We
display on Figure 18 how the H-algorithm repet-
itively splits in two the Stern-Brocot triangle on
the same example as Figure 17. The triangle of
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possible normal vectors gets closer to the target
normal at each iteration. The plane being ratio-
nal, the algorithms stops when the median of the
triangle is the sought normal vector.

In order to get a similar descent to our pro-
posed chord algorithm, it is possible to slightly
adapt the H-algorithm. It suffices to choose two
well-chosen points of ¢ + Vg and to move two
points of T" instead of one. This splits the triangle
along two median lines, which corresponds to one
descent in the Stern-Brocot tree (see Figure 19,
right side). Of course it means that (¢ + Vg) N
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Figure 18 Illustration of plane probing H-algorithm: evolution of normal estimates on a plane with normal (2, 3,4). We
display here the evolution of the triangle of possible normal vectors (vg,v1,v2) during the plane probing illustrated on
Figure 17. We see that the triangle is cut in two at each step, but the direction of cutting depends on which vertex is moved.

The target normal (2,3,4) is displayed as the black disk.

P contains at least two points, such that they
correspond to two different extremities ¢; and ¢;.

This was for instance the case for the exam-
ple of plane probing with normal (2,3,4) when
gathering the two first steps, as can be seen on
Figures 17 and 18.

Relation with R- and L-algorithm. Similar
computations can be done for the variants R and
L of plane probing algorithms, presented in a se-
ries of paper by the same authors [20, 22]. In these
variants, the new point ¢’ is sought in the neigh-
bourhoods g+ Vg and ¢+ V), (respectively for the
R and L variant), with

def
¢+ Vr = {qgxdi + Muga},
def
g+ Vi = {qxdp + Augso + pugyr},

and A and p are both integers with A > 1, u > 1.
Let us compute how these 2 algorithms evolve the
triangle of possible normals.

Using symmetry and renumbering, we can re-

duce the R-algorithm to the case where t; is

replaced by t) def t1 +di + Aug = t1 + us + Aus.

Similar computations as above give:

 def
ul—

 def
'LLQ—

q—t), =q—t; —us — Mug = u; — uz — \us

q—ty=q—ty=uy

!/
Uz = ¢ —l3=¢q—t3=us
def
vy = ub Auy =us Aug =14
s def r_ A _
vy = uz Auj =usz A (up —ug — Aug) = va + 11

def
vy = uy Auy = (ug —ug — Mug) Aug = vg + Ay

The triangle of possible normal vectors (v1, va, v3)
is thus replaced by (1,11 + va,11 + Avs), as
illustrated on Figure 20, middle.

Finally we can also reduce the L-algorithm to
the case where t; is replaced by ¢} def t1 +dy +
Aug + pus = t1 + (g + 1)us + Auz. Updated val-
ues of vectors are (intermediate computations are
skipped but similar to above):

Wyt =y — (e Dus — Aug
wy B g —th = uy

uly d:efq—t/32U3

vy d:efulz/\ug:m

A A = v+ (a4 D

V4 LU Ay = vs + Ay

The triangle of possible normal vectors (1, va, v3)
is thus replaced by (v1, (1 + 1)v1 + va, 11 + Avs),
as illustrated on Figure 20, right.
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Figure 19 Splitting of the triangle of possible normal vectors for the H-algorithm (left) and for the modified H-algorithm

(right).

V1 vh Vo V1

Y,
Vh

v

Figure 20 Splitting of the triangle of possible normal vectors for the H-algorithm (left, in red), for the R-algorithm

(middle, in green), and for the L-algorithm (right, in blue).

To conclude this section, if the H-algorithm
can be slightly modified to induce a similar de-
scent in the Stern-Brocot tree as our proposed
algorithm, the R- and L-algorithms seem more
difficult to interpret. Indeed, the cuts in the trian-
gle cone of normal vectors are not done according
to the median point but along directions that
do not respect the structure of the tree. How-
ever, they restrict faster the set of possible normal
vectors, in cases where A or u are not equal to 1.
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7 Conclusion

This paper presents a new approach for the de-
tection of pieces of arithmetic hyperplanes from
the Stern-Brocot tree. In dimension 2, we propose
an algorithm that returns the minimal parameters
of a piece of any discrete line S, in time O(nD)
in the worst case and in O(nln*(D)) on average,
where n denotes the size of S and D its diame-
ter. In the case of discrete segments, we modify
the algorithm to obtain a linear and incremental
version, thus recovering the recognition algorithm
of I. Debled-Rennesson and J.-P. Réveilles via the
Stern-Brocot tree.



We then extend our algorithm to any finite
dimension, in order to recognise arithmetic hyper-
plane pieces. The idea is based on the extension of
the Stern-Brocot tree to any dimension proposed
in [21] and on the notion of separating chords. The
presence of separating chords in the hyperplane
piece makes it possible to divide a Stern-Brocot
simplex into several sub-simplexes, and to choose
which sub-simplex to descend into. However, our
algorithm has a number of limitations, particu-
larly with regard to overflow problems. In some
cases, the chords considered become too large to
be detected in the piece under study. Chord de-
tection is a key stage of the algorithm that needs
to be optimised, for example by considering the
leaning points for each plane step.

The separating chords used in our recogni-
tion algorithm characterise the zone in which the
normal vector v of the hyperplane lives in the
Stern-Brocot tree. These chords thus have a geo-
metric interest in the structure of the hyperplane.
In dimension 2, the separating chords have a
simple expression that fully characterises inter-
vals of slope. In higher dimensions, we propose
a combinatorial study of the chords, observing
in particular their link with the directing vectors
of the plane. Finally, we interpret plane probing
algorithms as cuts in the cone of normals. In par-
ticular, a slightly modified H algorithm allows us
to go down the Stern-Brocot tree while respecting
its structure.

Beyond the recognition of arithmetic hyper-
planes, the multidimensional Stern-Brocot tree is
a very powerful combinatorial tool for efficiently
enumerating d-uplets of integers that are prime to
each other. In dimension 2, many parallels have
been drawn between discrete lines and this tree.
These parallels deserve to be explored further in
higher dimensions.
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