
R
o
b
u
st

E
stim

a
tio

n
o
f
C
u
rv

a
tu

re
a
lo

n
g

D
ig

ita
l
C
o
n
to

u
rs

w
ith

G
lo

b
a
l
O

p
tim

iz
a
tio

n
B

e
rtra

n
d

K
e
ra

u
tre

t

L
O

R
IA

U
M

R
C
N

R
S

7503,

N
ancy

U
niversity,

C
am

pus
S
cientifi

que

54506
V
andoeuvre-lès-N

ancy,
F
rance

E
m

ail:
B
e
r
t
r
a
n
d
.
K
e
r
a
u
t
r
e
t
@
l
o
r
i
a
.
f
r

J
a
c
q
u
e
s-O

liv
ie

r
L
a
c
h
a
u
d

L
A
M

A
,
U

M
R

C
N

R
S

5127

U
niversity

of
S
avoie,

C
am

pus
S
cientifi

que

73776
L
e-B

ourget-du-L
ac

C
edex,

F
rance

E
m

ail:
J
a
c
q
u
e
s
-
O
l
i
v
i
e
r
.
L
a
c
h
a
u
d
@
u
n
i
v
-
s
a
v
o
i
e
.
f
r

A
b
stra

c
t

W
e

present
a

new
curvature

estim
ator

based
on

global
optim

isation.
T

his
m

ethod
called

G
lobal

M
in-C

urvature
exploits

the
geom

etric
prop

erties
of

digital
contours

by
using

local
b
ounds

on
tangent

directions
defi

ned
by

the
m

axim
al

digital
straight

segm
ents.

T
he

estim
ator

is
adapted

to
noisy

contours
by

replacing
m

axim
alsegm

ents
w

ith
m

axim
al

blurred
digital

straight
segm

ents.

K
e
y
w
o
rd

:
curvature

estim
ator,

blurred
segm

ents,
noise.

1
In

tr
o
d
u
c
tio

n

If
G

is
a

geom
etric

feature
defi

ned
for

a
fam

ily
F

of
shap

e
in

R
2,

the
estim

ator
E

G
is

m
ultigrid

convergent
tow

ards
G

iff
for

any
shap

e
X

∈
F
,
there

exists
som

e
h

X
>

0
for

w
hich:

∀
h
,0

<
h

<
h

X
,‖

E
G
(D

ig
h (X

))
−

G
(X

)‖
≤

τ
(h

),

w
here

τ
:

R
+

→
R

+
∗

has
a

lim
it

value
0

at
h

=
0

and
it

defi
nes

the
sp

eed
of

convergence
of

E
G

tow
ard

G
.

S
e
v
e
ra

l
c
ritic

s:

•
P
recision

only
guaranteed

for
high

resolution.

•
C
onvergence

obtained
for

p
erfect

digitization
process.

O
b
je

c
tiv

e
:

•
O

btain
a

good
precision

even
w

ith
coarse

resolution.

•
A
dapted

to
shap

e
not

p
erfectly

digitized
or

noisy.

V
ectorial

generation

200
dpi

300
dpi

400
dpi

R
esult

of
scan

200
dpi

300
dpi

400
dpi

M
a
in

id
e
a
:

•
T
aking

into
account

all
the

real
shap

es
having

the
sam

e
digitization.

•
R
estricting

the
estim

ation
w

hich
corresp

onds
to

m
ore

probable
shap

e.

•
B
est

length
estim

ator:
m

inim
ise
∫

d
s

[5]

C
u
rv

a
tu

re
e
stim

a
to

r:
m

in
im

ise
∫

κ
2d

s

2
T
a
n
g
e
n
tia

l
C

o
v
e
r

a
n
d

T
a
n
g
e
n
t

S
p
a
c
e

D
e
fi
n
itio

n
:

m
axim

al
segm

ent
B
y

denoting
S

(i,j)
the

predicate
“
C

i,j
is

a
digitalstraight

segm
ent”,

a
m

axim
al

seg
m

en
t
of

C
is

a
sequence

C
i,j

such
that:

S
(i,j)

∧
¬

S
(i,j

+
1)

∧
¬

S
(i
−

1,j).
T

he
tangential

cover
is

defi
ned

by
the

set
of

m
axim

al
seg-

m
ents

contained
in

a
digital

contour.

B
o
u
n
d
s

o
n

th
e

ta
n
g
e
n
t

d
ire

c
tio

n

•
M

inim
al

and
m

axim
al

directions
defi

ned
from

the
upp

er
and

low
er

leaning
p
oints.

•
F
or

a
m

axim
alsegm

ent
of

characteristics
(a

,b)
w
e

have:

p
m

in
=

ab
−

1b
an

d
p

m
a
x

=
ab

+
1b

m
axim

um
 slope

slope a/b m
inim

um
 slope

upper leaning pts

low
er leaning pts
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C
onstraints for each variable

T
he m

inim
al shape

3
C

u
r
v
a
tu

r
e

E
stim

a
tio

n
b
y

O
p
tim

isa
tio

n

P
rin

c
ip

le
:

•
S
hap

e
of

reference
extracted

from
tangent

space
representation.

•
Its

geom
etry

is
entirely

defi
ned

by
the

m
apping

θ
C

w
hich

associates
to

an
arc

length
s

the
direction

of
the

tangent
at

p
oint

C
(s)

(θ
C

=
∠

(0x
, −→C

′)).

•
S
ince

the
curvature

is
the

derivative
of

the
tangent

direction,
the

integral
J

[C
]
along

C
of

its
squared

curvature
is

then

J
[C

]
=

∫

C
κ

2
=

∫

L

0
κ

2(s)d
s

=

∫

L

0

(

d
θ
C

d
s

)

2

d
s
.

(1)

C
urvature

estim
ation

of
reference

shap
e

to
O

is
thus

reduced
to

F
ind

(tl )l ,
w

hich
m

inim
izes

J
[C

[...,tl ,...]]
=
∑

l

(

tl+
1
−

tl
s
i
l+

1
−

s
i
l

)

2

(s
i
l+

1
−

s
i
l ),

subject
to

∀
l,a

l
≤

tl
≤

b
l .

W
e

use
classical

iterative
num

erical
techniques

to
solve

this
optim

ization
problem

,
sim

ply
follow

ing
∂
J

∂
t
l

for
each

variable
tl

w
hile

staying
in

the
given

interval.
G

eom
etrically,

each
variable

tl
is

m
oved

tow
ard

the
straight

segm
ent

joining
(s

i
l−

1 ,tl−
1 )

to
(s

i
l+

1 ,tl+
1 ).

T
he

G
M

C
estim

ator
E

G
M

C
κ

is
then

sim
ply

defi
ned

as
the

derivative
of

the
piecew

ise
linear

function
joining

p
oints

(s
i
l ,tl ),

rescaled
by

h
.

4
A

d
a
p
ta

tio
n

to
B

lu
r
r
e
d

S
e
g
m

e
n
ts

M
a
x
im

a
l
b
lu

rre
d

se
g
m

e
n
ts

•
R
ecognition

algorithm
prop

osed
by

D
ebled

et
al.

[1]
.

•
R
em

oving
of

the
restrictive

hyp
othesis

w
hich

assum
es

that
p
oints

are
added

w
ith

increasing
x

coordinate
(as

R
oussillon

et
al.

[4]).

B
o
u
n
d
s

o
n

ta
n
g
e
n
t

d
ire

c
tio

n
o
f
b
lu

rre
d

se
g
m

e
n
t

•
T
aking

m
in

(θ
im

in
)

and
m

a
x
(θ

im
a
x ):

⇒
not

alw
ays

consistent
w

ith
intervals

of
size

sup
erior

to
π
.

•
M

erging
process

of
the

diff
erent

intervals
defi

ned
according

sev-
eral

confi
gurations:

exam
ples

of
fusion

confi
gurations:

I
1

=
[θ

1m
in

,θ
1m

a
x ]

and
I
2

=
[θ

2m
in

,θ
2m

a
x ].

+

θ
2m

in

θ
2m

a
x

θ
1m

in

θ
1m

a
x

d
2

d
1

+

θ
2m

a
x

θ
2m

in

θ
1m

in

θ
1m

a
x

(a)
(b)

I
=

[θ
2m

in
,θ

1m
a
x ]

I
=

[0,2π
]
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R

e
su

lts

R
e
su

lts
a
n
d

c
o
m

p
a
riso

n
o
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sm
o
o
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sh
a
p
e
s
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expected curvature

C
om

parison
obtained

from
the

fl
ow

er
of

S
ect.

2.
C
om

parison
w

ith
osculating

circle
es-

tim
ator.

C
om

parison
w

ith
S
ym

etric
T

angent
and

A
daptative

W
indow

estim
ator.

C
u
rv

a
tu

re
e
x
tra

c
tio

n
o
n

n
o
isy

sh
a
p
e
s

•
N

oisy
shap

e
generation

(based
on

the
docum

ent
degradation

m
odel

of
K

anungo
[2]):

Initial
shap

e.
N

oise
added

according
to

the
distance

to
the

shap
e.

C
onnected

com
p
onent.

E
xtracted

contour.

•
R
esults

on
noisy

circle
and

fl
ow

er
and

com
parison

w
ith

N
guyen

and
D

ebled
C

urvature
estim

ator
[3]:
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6
C

o
n
c
lu

sio
n

T
his

new
estim

ator
show

s
precise

results
w

ith
diff

erent
grid

sizes.
B
y

replacing
digitalstraight

segm
ents

w
ith

blurred
segm

ents,
the

estim
ator

is
robust

to
noise

and
gives

b
etter

results
than

other
m

ethods.
M

oreover
it

allow
s

to
detect

easily
infl

ection
p
oints

and
m

axim
al

curvature
areas.
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