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Abstract tant consequences. First, the Delaunay triangulation has
remarkable properties, e.g. it is optimal for several ge-
We design a new model for an image iso-surface 0Ometric criterions. Secondly, these iso-surfaces can be
which lies in the Delaunay graph of its vertices. Within used to easily derive volume representations, and skele-
each 8-cube of the image, a set of loops is computed actons, of objects. Our construction, which is performed
cording to the connectedness chosen for inner and outerlocally, remains valid for non isotropic volume and is
voxels. Next, a triangulation is computed which respects performed in a time proportional to the size of the im-
the local geometry of these loops. Efficiency is obtained age.
through the use of a look-up table which summarizes the
algebraic tests that are required of each case. The inclu-
sion of the iso-surface in the Delaunay triangulation has
significant consequences. We derive a volume represen
tation of the object, along with its skeleton. An exam-
ple depicts the complete construction of our iso-surface,
volume representation and skeleton computation.

2. Preliminary definitions

In this section, we state some elementary definitions
of computational geometry which are used throughout
the paper [16]. In the following] designates the dimen-
sion of space; when not specifietl= 3.

Currently, we are witnessing a proliferation of high
quality volumetric images, coming from a large number  Delaunay graph. Let E € R be a finite set of
of acquisition devices (e.g., MRI, CT scanner). Analysis points in general position. ThBelaunay triangulation
of this data often requires, as a first step, the computa-of E is the set of triangles in 2D (or tetrahedra in 3D)
tion and display of surfaces which approximate the ob- whose circumscribed balls contain no points Bfin
jects boundariesDigital surfacesandiso-surfacesare their interior. In this paper, we will use the terbe-
perhaps the simplest surfaces that can be derived fromaunay graph denoted by D€IE), for the sub-complex
volumetric images. This paper focuses on iso-surfaces.of the Delaunay triangulation formed by triangles, edges
Iso-surfaces are composed of triangles whose verticesand vertices inR3.
lie in the3-dimensional Euclidean spa®®. These sur-
faces present some interesting topological and geometri-  Convex hull. Theconvex hull denoted by Hul(lE),
cal properties; in fact they are 2-manifoldsii. Unlike of an arbitrary set of point& € R? is the smallest con-
digital surfaces, they present a smooth aspect. vex set containingz. If we assume the sef to be fi-

Unfortunately, iso-surfaces providesarface repre-  nite, the convex hull is a polytope whose boundary is
sentationthat might be inadequate in a context other included in the Delaunay graph &f.
than visualization. Avolume representatiois some-
times necessary. For instance, physical modelling by  Voronoi graph. The Voronoi diagramof a set of
finite elements requires a partition of the object into ele- points E is a partition of the space into regions called
mentary blocks (tetrahedra or cubes). On the other hand Voronoi regions The Voronoi region ofp € FE is the
theskeletoris more appropriate to extract object param- set of points ofR? that are closer tp than to any other
eters such as thickness or length. point of E. The Voronoi diagram is the dual of the De-

Unlike existing methods, we propose in this paper to launay triangulation. We use the teoronoi graph
build iso-surfaces that are included in the Delaunay tri- denoted by VofE), for the sub-complex of the Voronoi
angulation of their vertices. This property has impor- diagram formed of polygons, edges and verticeRin
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3. Iso-surface They arel8-adjacent(resp. 26-adjaceny if their coor-
dinates differ of+1 on one or two coordinates (resp.
3.1. Definition and marching-cubes algorithm one, two or three coordinates). Two voxelsb € F
are p-connectedfor p € {6,18,26}) if there exists a
sequences gf-adjacent voxels of", starting witha and
ending withb. The transitive closure of this relation is
p-connectednessvhich definegp-componentin F. In
the following, ax-connectedness is associated with the
inner voxels, and &-connectedness is associated with
the outer voxels of. The pair{x, A} is called acon-
nectedness pairDepending on the value chosen for
and\ (6, 18 or 26), different properties can be shown.

Let Z¢ be the discretd-dimensional space. A gray-
level volumetric imagel is a mapping from a sdf C
Z3 onto the set of real numbef®. Using the canoni-
cal embedding, the sét may be mapped fronZ? into
R? as a grid of evenly spaced points. Each element of
U is called avoxel Thus, the imagd may then be
viewed as a sampling of a scalar continuous fieldn
the verti f this discrete grid: the mappi in- 3 . .
cigesewifk?fhg ma;;ilnsg gnetr?esde ve?ticeas?p'lfﬂhgéoset of Following [9], we restrict our study 1o the paif8, 18),

points whereh takes the valu€' defines asurfaceSc (6, 26), (18, 6) and(26, 6), which are said to bealid.
(ie. So = {M € R?, h(M) = C}). In the follow- On every face of an 8-cubé/-edgesare placed be-

ing, we use the term “iso-surface” for any triangulated twe(tan dC—vertll_ceks ts)otthat they do notllnter?ﬁct ths fv?/n-
surface that approachés. The choice o allows the ~ NECteANESS liNKS BEWWEEN INNET VOXEIS, or Those between

user to select a specific object in the data volume. In thelouter voxlelzlsolehei’-edges ?:f.m anf-cgrt])etfqrm als? of
following, we assume the imadés finite and its border oops (callec-loops) (see Figure 1). The triangulation

is composed of only outer voxels or of only inner voxels. of C-loops is performed locally and depends on the ge-

The most common method of computing iso-surfaces ometry of theirC-vertices. The edges and triangles are
in images is certainlynarching-cube12]. Its princi- built on the boundary of theonvex hullof both theC-

ple is to analyze the image locally using blocks of eight vertices and the inner voxels (resp. outer voxels), when
mutually adjacent voxels. These blocks are calied the 6-connectedness has been chosen for outer voxels

cubes Within each 8-cube, a set of triangles is found (resp. inner voxels). This three-dimensional convex set

which separaténner voxelg(h(v) > C) from outer vox- is called thelocal C-convex hull Figure 2 illustrates

els(h(v) < C). A C-vertexof the iso-surface is defined thlzdgo_ngtruc;|on. E|gure . fqlsplatys sorlrt1e exgmpLes of
as a point lying on a grid edge between adjacent, inner Subdivisions for various configurations. It can be shown

and outer, voxels. A linear model is used to estimate that, for any of the four valid pairs, th&-loops always

where the iso-surface intersects this edge and determin heI?n%to thel?ﬁ.und?ry of thelrlloc@-cgnglex hu"d?gd
an appropriate position for th@-vertex. Different sets at edges within a foop are aways determinedby

of triangles may be constructed on the se€efertices ;/(.artlc?s c?;]th's dlofpp. d'][hems}et df-ve;uces,_f?ggéza;nd
of an 8-cube. The chosen triangulation influences the rangles thus defined fromiorms a s-mantioid |

geometry and the topology of the iso-surface, and henceW'th no boundary.

the properties of the approximation.
Marching-cubes[12] exhibits an arbitrary choice,
which depends only on the inner or outer classificatio
n_

of the 8-cube voxels. This leads to 256 possible tria
gulations within an 8-cube. Building the surface locally
may be optimized by pre-computing a table associating  Figure 2. Two different triangulations of
each configuration to a triangulation. Some authors re- @ C-loop on the convex hull of the  C-
fine this choice by using different kinds of interpolation ~ vertices and the inner voxels ( (k,\) €
or by exploiting gradient information (see [7] for asur-  {(18,6),(26,6)}).

vey). However, none of these methods consider the ge-
ometry of theC'-vertices, which explains why the com-
puted iso-surface does not, in general, coincide with the

Delaunay triangulation, 3.3. Inclusion in the Delaunay graph

o We will now present the main result of this paper,
3.2. Proposed method for building iso-surfaces  \hich is to show that a such defined iso-surface has the

interesting property to be included in the Delaunay trian-

To build a triangulated iso-surface that is included in gulation of its vertices. To establish this result, we first
the Delaunay graph of its vertices, we use the iso-surfaceshow that the computation of the Delaunay graph can be
definition suggested in [9] This definition is based on restricted to a computation between vertices of the same

one hand on the digital connectedness of voxels and ong-cube. In the followingSc- denote an iso-surfac&-
the other hand on the location of tidevertices on the  the set of its vertices.

grid. In order that the paper be self-contained, we briefly
recall some definitions of digital topology.

Two (different) voxels are said to bg-adjacentif
their coordinates differ a1 on exactly one coordinate. OHull({e; }i=1,....k) C Del({e;}i=1,....r) C Del(E)

Theorem 1 Let {ey, eq,.. ., e} be thek C-vertices of
a given 8-cube. Then:
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Figure 1. C-loops created for classical configurations and triangulation of these loops. The
connectedness pair has an influence on both the construction of the C-loops and their tri-
angulation: (a) C-loops and C-edges created for (x,\) € {(6,18),(6,26)}; (b) when (x,)) €
{(18,6), (26, 6)}, these configurations have the same  C-loops than in (a), but different C-edges;
(c) when (k,A) € {(18,6),(26,6)}, these configurations have different  C-loops than in (a); (d)
special case when (k,A) = (26, 6) (a symmetric case exists when  (k,\) = (6, 26)).

Proof. The first inclusion is immediate. To prove Theorem 2 Let S be an iso-surface anfl: the set of
the second inclusion, we compute the intersection of theits vertices. ThenS¢c C Del(E¢).
smallest spheré enclosinge; ande; with the discrete
grid. This computation can be achieved by simple ge- Proof. = Each edge[ee’] of the iso-surface be-
ometrical considerations: we search pointsuch that longs to an 8-cube. Lefei,es,...,ex} denotes the
the straight-linegve;) and(ve;) are orthogonal. LeP vertices of this 8-cube. By constructiorfiee’] C
be the smallest straight parallelepiped enclosingnd OHull({ey, €2, ..., e }). Theorem 1 concludes&]
ej. The vertices ofP are located on the sphefe. As
P remains inside the considered 8-cube (see Fig. 3),3.4 Tabulation of configurations
the sphereB does not intersect grid edges of other 8-
cubes. Consequently, the sphd®econtains no points Because the set of triangles built inside each 8-cube
from E \ {e1,es,...,e } in its iterior, which implies the  depends on the geometry of tBevertices, a static table
second inclusion] of 256 configurations cannot be used to store all possi-

ble triangulations (as opposed to the marching-cubes for

9 instance). We can nevertheless simplify the computation
. of the convex hull within each 8-cube with a careful case
study of the different configurations.

First, we notice that only’-loops with at least four
& C-vertices must be triangulated. Therefore, 56 configu-
rations do not depend on the geometry ofdheertices.

k')

Y
g

For each other configuration, which contains at least one
C-loop with more than thre€’-vertices, several sets
of triangles are stored. At run-time, simple algebraic
tests will determine which set of triangles corresponds
to a particular geometry. To exhibit these algebraic tests
for each configuration, we make use of the following

et =

@ (b) () (d)

Figure 3. To examine the intersection of
the sphere B with diameter [e;e;], four dif-
ferent cases must be considered, which
correspond to different positions of the
C-vertices e; and e; on the 8-cube. The
smallest parallelepiped P enclosing e; and
e; has been drawn in gray. It always lies
inside the 8-cube. The second line shows
the intersection of the sphere B, the paral-
lelepiped P and the 8-cube with the plane

{z = 0}.

lemma:

Lemmal LetL = {eg,e1,...,ex—1} be aC-loop in a
given 8-cube. Let us assume that the connectedness is
one of(26, 6) or (18,6). Then an edge;e; belongs to

the localC-convex hull iff

Vk,l/i <k<jji<l<i=ed- (ei'ék/\e{éj) <0,
indices taken modulb.

This lemma comes from the fact that all edges of a
C-loop belong to the local’-convex hull, and that the



shape of the local’-convex hull within aC-loop de- graph De{Es), it is possible to distinguish exactly two
pends only on the vertices of this loop. A symmetric different types of Delaunay tetrahedrdnner tetrahe-
lemma holds when the connectedness is ong26) dralying insideS andouter tetrahedrdying outsideS.

or (6, 18) (the inequality is just inverted). The skeleton is defined as the dual of the inner Delaunay

Table 1 displays the algebraic tests required for eachelements. As such, the skeleton is formed of polygons,
configuration. All other configurations can be derived edges and vertices defining surfaces in 3D. This method
from the pictured ones either by rotation or by inver- works only if the boundany is included in the Delau-
sion of inner and outer voxels (and connectedness). Thenay graph of its vertices DEs). The iso-surfaces con-
table also displays configurations whose algebraic testsstructed in the previous part verify this condition and can
are identical to the one presented. In most cases, onlytherefore be used to compute the skeleton.
several of the different calculations must be performed, A simplification step follows the computation of the
since most edges cannot exist simultaneously. skeleton. Its goal is to remove peripheral branches asso-

The computation of iso-surfaces following the De- ciated to non significant parts of the object. The simplifi-
launay constraint cannot be as fast as an entirely tabu-cation method used in this paper is a direct 3D extension
lated algorithm. Most algebraic tests can neverthelessof the method proposed in [1].
be computed quickly, except for the last case whichmay  Depending on the choice of inner and outer connect-
require a dozen inequality computations. edness, different types of iso-surfaces can be generated

for the same volumetric data and the same threstold
4. Application to the skeleton computation Wfa use the connectedness p@ir18) in order to min_i-
mize the Euler constant and the number of loops in the
object and improve the efficiency of the simplification
step.

Our results are presented in figure 4. The first vol-
ume was generated synthetically and corresponds to the
discretization of an ellipsoid. As expected, the skeleton
computation provides an ellipse. The second and third
volumes were real images corresponding respectively to
a bone sample and a human heart. The volume sizes
were30 x 30 x 30, 30 x 30 x 30 and85 x 85 x 98.

The number of vertices on each iso-surfaces was 1708,

The skeleton is a convenient representation of objects
widely used in the field of image analysis. The notion
of skeleton was first introduced by Blum [2] under the
name ofmedial axis transformThe skeleton SKX) of
an objectX is defined as the set of centers of ritewxi-
mal diskg6]. A disk is said to be maximal in an object if
there are no other disks included in the object that con-
tain it. This definition holds in any dimension and can
be applied in discrete as well as in continuous space. In

continous space, the skeleton has remarkable propertie@272 and 36640. The running times for computing both

[5].' Itis a graph made of p9|nts and curves in 2D and the iso-surface and the skeletonwas 3s,6 sand 115 s on
points, curves and surfaces in 3D. It has the same homo-

. . . an SGI 02 R4000. We emphasize that the surface por-
topy type as the object. Assuming the skeleton points to . .
. : ? . . tions making the skeleton have a smooth aspect. Such
be labelled with the radius of their associated maximal

; : . . a smooth aspect is particularly tricky to achieve with
g:asjlé,cihe skeleton provides a reversible encoding of the purely discrete approaches.
Skeleton computation has been intensively studied .
both in discrete and continous space. In discrete space,5- Conclusion

many algorithms have been proposed that can be divided _ ]
in two main families: In this paper, we have constructed a new type of iso-

surfaces: they have the property to be included in the

e algorithms based on morphological thinnings that Delaunay graph of their vertices. The proof uses simple
preserve homotopy [10, 13, 14, 11], geometrical considerations and holds for non isotropic
voxels. A table of algebraic tests has been proposed in
order to speed up the computation. Iso-surfaces were
used to compute the skeleton. Future work includes the

There also exists mixed approaches using anchor pointd!S€ Of the skeleton in order to extract parameters and

[17]. A drawback of these techniques is the difficulty S€9gment objects.

of computing, in a reversible fashion, a discrete, single

pixel wide skeleton which preserves homotopy. For par- Acknowledgments
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method proposed by Boissonnat [3]. The idea is to par- Usson for the heart volume. The bone sample was

tition the object into Delaunay elements. The skeleton acquired at the European Synchrotron Radiation Facil-

is then defined as the dual of this partition. The input ity (ESRF) by computed microtomography [15]. The

of this method is a closed surfadewhose set of ver-  heart data was obtained with a polarized light optical

tices isEg. If the surfaceS is included in the Delaunay  bench [8]. This work was partly performed within the

¢ algorithms using the distance map that preserve re-
versibility [4, 18].



configuration connectedness algebraic tesadded edgefexcluded edges) other configurations

(26,6) (18,6)
(inverted for
(6,26) (6,18))

bd<ac = AC (BD)
bd > ac = BD (AC)

(26, 6) (18, 6)
(inverted for
(6,26) (6,18))

b+d<a+c = AC (BD)
b+d>a+c = BD (AC)

_a(l—c)
:< a(l-g)+ed = AC (BD,BE)
(< W
d> (a—eb)/b
d5 (e —a)(l—c) = AD  (BECE)
(26, 6) (187 6) c> _a(l=b)
(inverted for ‘(‘e(iji?()jff) } = BD (CE,AC)
(6,26) (6,18)) € > abFe(i=b)
a < bce/(1 —b+ be
a<be [(db ) } BE  (AC,AD)
d<(e—a)(l—c
d (e(l—b))(g—c) ) } = CE (AD,BD)
< "1 btk
true = AD (BE,CE, BF,CF)
b< gied = AC (BD)
(26, 6) (18, 6) b> g = BD  (AQ)
a< =[S = DF (AB)
a> 1—5;31)—2 = AE (DF)

true
/(a(l —c) +cf)

= CF (AD, AE, BD, BE)
=

/(a(l—¢)+cf) = BF (AC)
=
=

(6,26) (6,18) Lyt el
¢> G=ed-n

tue = AD (BE,BF CE,CF)
d< % = AC (BD)
(26, 6) (18, 6) d>e=b0=c) -  Bp (AC)
a< % = DF (AE)
€
a > [E=Daa) = AE (DF)
frue = AD (BE, BF,BG, CE CF, CG)
tue = DG (AE, AF, BE, BF, CE, CF)
b< ilzetdac . AC  (BD)
—cted
26,6) (18,6 P
( ) ( ) b> l_c‘:_cd = BD (AC)
f>Sin = DF (EG)
f<fEel > EG (DR
a(i—<c)
b < c—oted
b< s = AC (BD,BE,BF)
b< araE
b> 555
a(l—-c)tecd
d(ce—=1)+1—c
(26, 6) (18, 6) b> 7(51_63()1_‘1) = BD (AC,CE,CF)
(inverted for c> %

(6, 26) (6,18))

a>b(1—-d)/(1—c¢e)
a> b(1—df)

I, . = AD (BE, BF CE, CF)
a> T—o(i-o

d>(1-c)1-a)/f

Table 1. Case study for configurations whose triangulation is ambiguous. The center of axes

is at the lower left voxel of the 8-cube. The X axis is directed to its lower right neighbor; the Y
axis is directed to its upper right neighbor; the Z axis is vertical. Each vertex has one degree

of freedom on its segment; this free coordinate is denoted by the lower case of its name (its

range is the open interval ]0,1[). The non-free coordinates are set to either 0 or 1. For each
configuration, the connectedness pair is given. The algebraic tests necessary to verify the
existence of C-edges are displayed. For each of these edges, the  C-edges that cannot exist at
the same time are listed. Other configurations with similar tests are also displayed. We have

not listed all the different tests necessary to solve the lowest configuration; we have rather
provided several tests that are representative. The phrase “inverted for (6,18)(6,26)" means
that every inequality must be inverted when the connectedness couple is one of (6,18) or (6,26).
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